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THE BEAUVILLE-BOGOMOLOV CLASS AS A CHARACTERISTIC
CLASS
EYAL MARKMAN
Abstract. Let X be any compact Ka¨hler manifold deformation equivalent to the Hilbert
scheme of length n subschemes on a K3 surface, n ≥ 2. We construct over X × X a rank
2n− 2 reflexive twisted coherent sheaf E, which is locally free away from the diagonal. The
characteristic classes κi(E) ∈ H
i,i(X ×X,Q) of E are invariant under the diagonal action of
an index 2 subgroup of the monodromy group of X. Given a point x ∈ X, the restriction Ex
of E to {x} ×X has the following properties.
(1) The characteristic class κi(Ex) ∈ H
i,i(X,Q) can not be expressed as a polynomial in
classes of lower degree, if 2 ≤ i ≤ n/2.
(2) The Beauville-Bogomolov class is equal to c2(TX) + 2κ2(Ex).
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2 EYAL MARKMAN
1. Introduction
1.1. The main results. An irreducible holomorphic symplectic manifold is a simply con-
nected compact Ka¨hler manifold X, such that H0(X,Ω2X) is generated by an everywhere
non-degenerate holomorphic two-form. Let S be a smooth Ka¨hler K3 surface and S[n] the
Hilbert scheme of length n zero dimensional subschemes of S. S[n] is an irreducible holomor-
phic symplectic manifold [Be]. An irreducible holomorphic symplectic manifold X is said to
be of K3[n]-type, if X is deformation equivalent to S[n], for a K3 surface S. The moduli space
of manifolds of K3[n]-type is 21-dimensional, if n ≥ 2. In particular, a generic manifold of
K3[n]-type is not the Hilbert scheme of any K3 surface.
Let Y be a compact Ka¨hler manifold. A Hodge class α ∈ H i,i(Y,Q) is said to be analytic,
if α belongs to the subring of H∗(Y,Q) generated by the Chern classes of coherent analytic
sheaves on Y . When Y is projective, a class is analytic if and only if it is algebraic. The aim
of this paper is to prove that certain interesting Hodge classes on the product X ×X of every
manifold of K3[n]-type, n ≥ 2, are analytic. We define these Hodge classes next via parallel
transport of monodromy invariant Hodge classes on S[n] × S[n], where S is a K3 surface.
Definition 1.1. Let X be an irreducible holomorphic symplectic manifold. An automorphism
g of the cohomology ring H∗(X,Z) is called a monodromy operator, if there exists a family
X → B (which may depend on g) of irreducible holomorphic symplectic manifolds, having
X as a fiber over a point b0 ∈ B, and such that g belongs to the image of π1(B, b0) under
the monodromy representation. The monodromy group Mon(X) of X is the subgroup of
GL(H∗(X,Z)) generated by all the monodromy operators.
Let E be the ideal sheaf of the universal subscheme in S × S[n]. Let πij be the projection
from S[n] × S × S[n] onto the product of the i-th and j-th factors. Let
(1.1) E := Ext1π13 (π∗12E , π∗23E)
be the relative extension sheaf over S[n] × S[n].
The cohomology group H2(X,Z), of an irreducible holomorphic symplectic manifold X,
admits a canonical, symmetric, non-degenerate, and primitive bilinear pairing called the
Beauville-Bogomolov pairing [Be]. The discriminant group H2(S[n],Z)∗/H2(S[n],Z) is cyclic
of order 2n − 2 and Mon(S[n]) acts on it by ±1, by [Ma4, Lemma 4.2]. We get a group
homomorphism
(1.2) ρ :Mon(S[n])→ µ2,
which surjects onto the multiplicative group of two elements if n ≥ 3, and is trivial if n = 2.
Proposition 1.2. (1) (Proposition 4.1) The sheaf E is reflexive of rank 2n − 2 and is
locally free away from the diagonal.
(2) (Proposition 3.6) Set κ(E) := ch(E) ∪ exp
(−c1(E)
2n−2
)
and let κi(E) be its graded sum-
mand in H2i(S[n]×S[n],Q). The subspace spanQ{κi(E)} is invariant under the diago-
nal Mon(S[n])-action. When i is even the class κi(E) is Mon(S
[n])-invariant. When
i is odd Mon(S[n]) acts on spanQ{κi(E)} via the character ρ.
Remark 1.3. The sheaf E∗ := Hom(E,OS[n]×S[n]) dual to E and the derived dual object
RHom(E,OS[n]×S[n]) have the same κ-class, by Proposition 4.1(1). The two objects are not
isomorphic, but have the same class in the algebraic K-ring, by [MM, Lemma 4.3]. The above
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Proposition thus states that for g ∈Mon(S[n]),
g(κ(E)) =
{
κ(E), if ρ(g) = 1,
κ(E∗), if ρ(g) = −1.
Note also that κ(E) = κ(E∗) if n = 2, since in that case the rank of E is equal to 2 and so
E∗ is isomorphic to E ⊗ det(E)∗.
Parallel transport of a class α in H2i(S[n] × S[n],Q), which is invariant under the diagonal
action of Mon(S[n]), defines a class αX ∈ H2i(X × X,Q) for any X of K3[n]-type. More
generally, if spanQ{α} is a one-dimensional Mon(S[n])-representation, then we get a well
defined unordered pair ±αX of a class and its negative. Such a class αX is of Hodge type
(i, i), by Lemma 3.2. Denote by
±κi(X ×X) ∈ H2i(X ×X,Q)
the pair of Hodge classes on a manifold of K3[n]-type obtained from the classes κi(E) via
parallel transport. We would like to stress that the monodromy invariance of the classes
κi(E) in Proposition 1.2 (2) is an easy consequence of a monodromy equivariance property
of the universal sheaf E over S × S[n] proven in [Ma2, Ma4]. The monodromy invariance of
κi(E) motivated the current work and it is a crucial ingredient in the proof of the main result
stated below.
Our main result stated next implies that the Hodge classes κi(X ×X) are analytic. Given
a coherent sheaf F of rank r > 0 over a complex manifold Y twisted by some Brauer class, we
get the untwisted object F⊗r⊗det(F )−1 in the derived category of Y . Denote the r-th root of
the Chern character of this object by κ(F ) and let κi(F ) be its graded summand in H
2i(Y,Q).
When F is untwisted, this new definition of κ(F ) agrees with the one in Proposition 1.2.
Details are provided in Section 2.2.
Theorem 1.4. Let X be a manifold of K3[n]-type, n ≥ 2. There exists over X ×X a rank
2n − 2 reflexive twisted coherent sheaf F , which is locally free away from the diagonal and
satisfies κi(F ) = κi(X ×X), for 2 ≤ i ≤ 2n − 1.
The above statement is proved in Section 7.2. The class κi(X × X) is well defined above
when i is even. When i is odd it is defined only up to sign. However, κi(F
∗) = (−1)iκi(F ),
for i in the above range, since F is locally free away from the diagonal, so the existence of F
satisfying the equality κi(F ) = κi(X × X) follows in spite of the sign ambiguity. The sheaf
F is constructed as a deformation of the sheaf E given in Equation (1.1). The fact that the
sheaf E deforms from S[n] × S[n] to X ×X is established as follows. One first uses standard
results in the theory of moduli spaces of sheaves on K3 surfaces to deform E to a reflexive
twisted sheaf E′ over the self product M×M of a moduli space M of rank r := 2n − 2
stable sheaves over a K3 surface S′ with a cyclic Picard group generated by an ample line
bundle of degree 2r2 + r. The sheaf E′ is defined in terms of the universal twisted sheaf over
S′ ×M as in Equation (1.1). The sheaf E′ is maximally twisted, the order of its Brauer class
is equal to its rank. This fact is used to prove the slope-polystability of End(E′) with respect
to every Ka¨hler class on the product. The slope-polystability, coupled with the invariance of
c2(End(E′)) with respect to the diagonal monodromy action, enables us to use a theorem of
Verbitsky to deform E′ to a sheaf F over X ×X, for every X of K3[n]-type.
Given a point x ∈ X, denote by κi(X) the restriction of κi(X ×X) to {x} ×X. Theorem
1.4 yields an expression of the Beauville-Bogomolov pairing q ∈ Sym2H2(X,Z)∗ in terms of
characteristic classes, for X of K3[n]-type, n ≥ 2, by the following Lemma. The inverse of q
is a class in Sym2H2(X,Q), and we denote by q−1 its image in H4(X,Q) as well.
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Lemma 1.5. The following equation holds in H4(X,Q), for any X of K3[n]-type, n ≥ 2.
(1.3) q−1 = c2(TX) + 2κ2(X).
The dimension of the subspace1 span{q−1, c2(TX), κ2(X)} is 2, for n ≥ 4, and 1, for n = 2, 3.
The Lemma is proven in Section 8. More generally, the class κi(X) is non-trivial; it can
not be expressed as a polynomial in classes of degree less than 2i, if i ≤ n2 [Ma1, Lemma 10].
In particular, the classes κi(X ×X) are non trivial for i in that range. In contrast, the odd
Chern classes c2k+1(TX) vanish, since TX is a holomorphic symplectic vector bundle.
In a separate paper with F. Charles the sheaf F of Theorem 1.4 is used to prove the Standard
Conjectures for X, whenever X is a projective manifold of K3[n]-type [CM]. In a separate
paper with S. Mehrotra the sheaf F is used to associate to any manifold of K3[n]-type X a pre-
triangulated K3 category, yielding non-commutative deformations of the derived categories of
coherent sheaves on K3 surfaces over the 21-dimensional global moduli space of such X [MM].
M. Shen and C. Vial used the sheaf F of Theorem 1.4 in order to study a decomposition of
the Chow ring of manifolds of K3[2]-type [SV]. Addington studied in [Ad] the Fourier-Mukai
transform with kernel the sheaf F of Theorem 1.4 whenX is of K3[2]-type. He proved that this
Fourier-Mukai transform is an auto-equivalence of the derived categories of X in two cases:
when X is a Hilbert scheme S[2] of a K3 surface S, and when X is the Fano variety of lines
on a cubic fourfold. The Fourier-Mukai transform with respect to the sheaf F of Theorem 1.4
is expected to induce an equivalence for a generic X of K3[2]-type. Addington’s construction
in [Ad] produces derived auto-equivalences for S[n], n > 2, and these are expected to deform
as well due to the deformability Theorem 1.4.
1.2. Notation. Let f : X → Y be a proper morphism of complex manifolds or smooth
quasi-projective varieties. We denote by f∗ the push-forward of coherent sheaves, as well as
the Gysin homomorphism in singular cohomology, while f! is the Gysin homomorphism in
K-theory (algebraic, holomorphic [OTT], or topological). We let KtopX be the Grothendieck
K-ring of equivalence classes of formal sums of topological vector bundles over X.
The pullback homomorphism is denoted by f∗ for coherent sheaves and in singular coho-
mology, while f ! is the pull back in K-theory. Given a class α in Heven(X), we denote by αi
the graded summand in H2i(X). Given a class y in the the K-ring, we denote its dual by α∨.
Given a coherent sheaf F , we let F ∗ := Hom(F,OX) be the dual sheaf, while F∨ denotes the
dual object RHom(F,OX) in the derived category of coherent sheaves.
The Chern character ch(F ) of a coherent analytic sheaf F on a complex manifold X is
defined in H∗(X,Q), using real analytic resolutions via complex vector bundles, as in [AH].
An alternative definition in Deligne cohomology is given in [Gr] and the two definitions agree
under the natural map from Deligne cohomology to H∗(X,Q) [Gr, Cor. 1]. A definition of
ch(F ) in the Hodge algebra ⊕dim(X)p=0 Hp(X,ΩpX), using the trace of the Atiyah class, is given
in [OTT], and a refinement due to H. I. Green in de Rham cohomology H∗(X,C) is given in
[TT]. The Chern classes of coherent analytic sheaves are defined in H∗(X,Q) in references
[AH, Gr] and the usual formulas relating them to the graded summands of the Chern character
hold. When X is a compact Ka¨hler manifold all four definitions of the Chern character agree
under the natural maps to de Rham cohomology H∗(X,C) and the Chern classes of a coherent
analytic sheaf are Hodge classes [TT, Green’s Theorem 2].
1 When n = 3, the relation 4q−1 = 3c2(TM) holds as well. It follows from Chern numbers calculations, by
comparing two formulas for the Euler characteristic χ(S[n], L) of a line bundle L on S[n]. One as a binomial
coefficient χ(S[n], L) =
(
q(c1(L),c1(L))
2
+ n+ 1
n
)
[EGL], the other provided by Hirzebruch-Riemann-Roch.
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Given a Cˇech 2-cocycle θ of O∗X on a complex variety X, we define the notion of a θ-twisted
coherent sheaf in Definition 2.1. A (coherent) sheaf will always mean an untwisted (coherent)
sheaf, unless we explicitly mention that it is twisted.
2. Characteristic classes of projective bundles and twisted sheaves
Let Y be a topological space and y a class in the ring KtopY generated by classes of complex
vector bundles over Y . Assume that the rank r of y is non-zero. Set
(2.1) κ(y) := ch(y) ∪ exp(−c1(y)/r),
and let κi(y) be the summand of κ(y) in H
2i(Y,Q). In terms of the Chern roots yj , we have
chi(E) =
∑r
j=1
yij
i! , c1(E) =
∑r
j=1 yj, and
κi(y) =
r∑
j=1
[
yj −
(∑r
k=1 yk
r
)]i
i!
.
The characteristic class κ is multiplicative, κ(y1 ⊗ y2) = κ(y1) ∪ κ(y2), and κ([L]) = 1, for
any line bundle L. Given a vector bundle E over Y , the equality κ(E) = κ(E⊗L) thus holds,
for any line bundle L. Note the equalities
κi(y
∨) = (−1)iκi(y),
κ(−y) = −κ(y).
2.1. Characteristic classes and Brauer classes of projective bundles. We define next
the invariant κ(P), for any holomorphic Pr−1-bundle, r ≥ 1, over a complex variety Y , endowed
with the analytic topology. The definition is clear, if P is the projectivization of a vector bundle
E, since κ(E) is independent of the choice of E. More generally, the Brauer class
θ(P) ∈ H2an(Y,O∗Y )
is the obstruction class to lifting P to a holomorphic vector bundle. The Brauer class θ(P) is
the image of the class [P] ∈ H1an(Y, PGLr), under the connecting homomorphism of the short
exact sequence of sheaves
0→ O∗Y → GLr(O)→ PGLr(O)→ 0.
Consider the dual bundle π : P∗ → Y . The pullback π∗P has a tautological hyperplane
subbundle, hence a divisor, hence a holomorphic line bundle Oπ∗P(1). The obstruction class
θ(P) is in the kernel of π∗ : H2an(Y,O∗Y ) → H2an(P∗,O∗P∗) and the projective bundle π∗P over
P∗ is the projectivization of some vector bundle E˜. The class κ(E˜) belongs to the image of the
injective homomorphism π∗ : H∗(Y,Q)→ H∗(P∗,Q), since κ(E˜) restricts as r to each fiber of
π. Define
(2.2) κ(P) ∈ H∗(Y,Q)
as the unique class satisfying π∗(κ(P)) = κ(E˜).
The class θ(P) is determined by a topological class, which we now define. Let µr be the
group of r-th roots of unity. Denote the corresponding local system by µr as well, and let
ι : µr → O∗ be the inclusion. Let
(2.3) θ˜ : H1an(Y, PGLr(O)) → H2(Y, µr)
be the connecting homomorphism of the short exact sequence
0→ µr → SLr(O)→ PGLr(O)→ 0.
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Then the following equality clearly holds.
(2.4) θ(P) = ι[θ˜(P)].
The exponential function exp : C→ C∗ maps the subgroup 2π
√−1
r Z of C onto µr and induces
the homomorphism exp : H2(Y, 2π
√−1
r Z) → H2(Y, µr). When P is the projectivization of a
vector bundle V over Y , the following equality holds [HSc, Lemma 2.5]
(2.5) θ˜(PV ) = exp
(−2π√−1
r
c1(V )
)
.
2.2. Twisted sheaves.
Definition 2.1. Let Y be a scheme or a complex analytic space, U := {Uα}α∈I a covering,
open in the complex or e´tale topology, and θ ∈ Z2(U ,O∗Y ) a Cˇech 2-cocycle. A θ-twisted
sheaf consists of sheaves Eα of OUα-modules over Uα, for all α ∈ I, and isomorphisms gαβ :
(Eβ)|Uαβ → (Eα)|Uαβ satisfying the conditions:
(1) gαα = id,
(2) gαβ = g
−1
βα ,
(3) gαβgβγgγα = θαβγ · id.
The θ-twisted sheaf is coherent, if the Eα are.
The abelian categories of θ-twisted and θ′-twisted coherent sheaves are equivalent, if the
cocycles θ and θ′ represent the same cohomology class. The equivalence is not canonical, but
the ambiguity is only up to tensorization by an untwisted line bundle [Ca].
Definition 2.2. A θ-twisted sheaf E is said to be equivalent to a θ′-twisted sheaf F if the
cocycles θ and θ′ represent the same cohomology class and there exists an equivalence of the
two categories of coherent sheaves sending E to F .
The classes κi of a twisted sheaf, defined below, are well defined for its equivalence class. We
will often abuse terminology and refer to a θ-twisted sheaf, where θ is a class in H2an(Y,O∗Y ),
meaning the equivalence class of θ-twisted sheaves, for different choices of Cˇech cocycles θ′,
representing the class θ.
Remark 2.3. Let E be a θ-twisted coherent torsion free sheaf of rank r over a complex
manifold Y . Observe that the determinant det(E) is a θr-twisted line bundle. Thus, θr is a
coboundary. Consequently, the order of the class [θ], of θ in H2an(Y,O∗Y ), divides the rank of
every θ-twisted torsion free sheaf E.
Assume Y is a complex manifold. A projective Pr−1 bundle P over Y corresponds to a rank
r locally-free twisted coherent sheaf E, with twisting cocycle θ in Z2(U ,O∗Y ), for some open
covering U of Y . The θ-twisted sheaf E is unique, up to tensorization by a line bundle. The
characteristic class κ(E) := κ(P) can be generalized for twisted sheaves, which are not locally
free, as we show next.
Let θ ∈ Z2(U ,O∗Y ) be a two cocycle and E := (Eα, gαβ) a θ-twisted sheaf of rank r > 0.
We get a well defined2 class E⊗r ⊗ det(E)−1 in the K-group of coherent (untwisted) sheaves
on Y , where the tensor product is taken in the K-ring taking into account the torsion sheaves
in all degrees. Let
Sqrtr(x) := r +
1
rr
(x− rr) + . . .
2Details are provided in Section 2.2 of the first preprint version arXiv:1105.3223v1 of this paper.
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be the Taylor series of the branch of the r-th root function centered at rr. Set
(2.6) κ(E) := Sqrtr
(
ch(E⊗r ⊗ det(E)−1)) .
If E is untwisted, then the class κ(E) is equal to ch(E) exp(−c1(E)/r). The above formula
(2.6) is well defined for complexes of non-zero rank of θ-twisted sheaves as well. The char-
acteristic class κ is again multiplicative, κ(E ⊗ F ) = κ(E)κ(F ), where the tensor product is
K-theoretic, and we pass to common refinements of the open covering in terms of which the
co-cycles representing the Brauer classes are defined.
Note: The Chern character ch(F ) of a θ-twisted sheaf, with a topologically trivial class θ,
was defined in [HSt], depending on a choice of a lift of θ to a class in H2(Y,Q). Another
definition is provided in [Li].
Lemma 2.4. Let F be a reflexive coherent, possibly twisted, sheaf of rank r over a complex
manifold X. Then c2(End(F )) = −2rκ2(F ).
Proof. The singular locus Z of F has complex codimension ≥ 3 in X, since F is reflexive, and
so the restriction homomorphism ι∗ : H4(X,Q)→ H4(X \Z,Q) is injective. Hence, it suffices
to check the equality ι∗c2(End(F )) = −2rι∗κ2(F ). We may thus assume that F is locally free,
possibly after replacing X by X \ Z. Note that κ2(F ∗) = κ2(F ), since κi(F ∗) = (−1)iκi(F )
for a locally free F . We have,
κ(End(F )) = κ(F )κ(F ∗) = (r + κ2(F ) + . . . )(r + κ2(F ∗) + . . . ) = r2 + 2rκ2(F ) + . . .
The claimed identity now follows from the equalities κ2(End(F )) = ch2(End(F )) = −c2(End(F )).

While κ is not additive, we do have the following statement that will be needed below.
Lemma 2.5. Let Y be a compact Ka¨hler manifold, X a closed smooth complex submanifold,
and δ : X → Y the inclusion. Let E be a complex of non-zero rank of θ-twisted coherent
sheaves on Y and let F be a complex of non-zero rank of δ∗θ-twisted sheaves on X. Assume
that c1(F ⊗ δ!E∨) = 0, where the tensor product and the dualization are K-theoretic. Then
κ(E ⊕ δ∗F ) = κ(E) + δ∗(κ(F )tdδ).
The special case X = Y states that if c1(E ⊗ F∨) = 0 then κ(E ⊕ F ) = κ(E) + κ(F ).
Proof. κ(E⊕δ∗F )κ(E∨) = ch([E⊕δ∗F ]⊗E∨) = ch(E⊗E∨)+ch((δ∗F )⊗E∨) = κ(E)κ(E∨)+
δ∗(ch(F ⊗ δ!E∨)tdδ) = κ(E)κ(E∨) + δ∗(κ(F )κ(δ!E∨)tdδ) = [κ(E) + δ∗(κ(F )tdδ)]κ(E∨). The
first equality is due to the assumed vanishing of c1(F⊗δ!E∨), the third follows from Grothendieck-
Riemann-Roch and the sheaf K-theoretic projection formula (δ!F )⊗E∨ ∼= δ!(F ⊗ δ!E∨), and
the last is due to the cohomological projection formula. The statement follows, since κ(E∨)
is invertible. 
2.3. Sheaves of Azumaya algebras and their characteristic classes.
Definition 2.6. A reflexive sheaf of Azumaya3 OX -algebras of rank r over a complex manifold
X is a sheaf E of reflexive coherent OX -modules, with a global section 1E , and an associative
multiplication m : E ⊗ E → E with identity 1E , admitting an open covering {Uα} of X, and
an isomorphism ηα : E|Uα → End(Fα) of unital associative algebras, for some reflexive sheaf
Fα of rank r, over each Uα.
3Caution: The standard definition of a sheaf of Azumaya OX -algebras assumes that E is a locally free
OX -module, while we assume only that it is reflexive.
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From now on the term a sheaf of Azumaya algebras will mean a reflexive sheaf of Azumaya
OX -algebras. Fix a closed analytic subset Z ⊂ X, of codimension ≥ 3, and set U := X \Z. A
reflexive sheaf of Azumaya OX -algebras is determined by its restriction to U . Hence, the set of
isomorphism classes of reflexive Azumaya OX -algebras E of rank r, which are locally free over
U , is in natural bijection with H1an(U,PGL(r)) [Mi]. Similarly, H
1
an(U,PGL(r)) parametrizes
equivalence classes of coherent reflexive twisted OX -modules, which are locally free over U . We
get a natural identification, of the set of isomorphism classes of reflexive sheaves of Azumaya
OX -algebras, with the set of equivalence classes of coherent reflexive twisted OX-modules.
Let E be a reflexive sheaf of Azumaya OX -algebras, m its multiplication, and F a reflexive
coherent twisted sheaf representing the equivalence class of (E,m). Such a twisted sheaf F
exists, by [Ca, Theorem 1.3.5]. We set
κ(E,m) := κ(F ).
Caution 2.7. Note that κ(E,m) is not equal to the class κ(E) of the rank r2 coherent sheaf
E.
3. Monodromy invariant classes
In Subsection 3.1 we construct the monodromy invariant classes κi(M) on a moduli space
M of stable sheaves on a K3 surface S in terms of the universal sheaf over S × M. In
Subsection 3.2 we convolve the universal sheaf with its dual to obtain an object in the derived
category ofM×M and use it to construct the monodromy invariant classes over the product.
In Subsection 3.3 we prove the monodromy invariance of these classes.
3.1. The rational Hodge classes κi(X). Let S be a projective K3 surface and v ∈ KtopS
a primitive class of positive rank with c1(v) of type (1, 1). Assume that (v, v) ≥ 2. There is
a system of hyperplanes in the ample cone of S, called v-walls, that is countable but locally
finite [HL, Ch. 4C]. An ample class is called v-generic, if it does not belong to any v-wall.
Choose a v-generic ample class H. Then the moduli space MH(v) is a projective irreducible
holomorphic symplectic manifold, deformation equivalent to S[n], with n = 1 + (v,v)2 . This
result is due to several people, including Huybrechts, Mukai, O’Grady, and Yoshioka. It can
be found in its final form in [Y1].
Let f1 and f2 be the projections on the first and second factors of S ×MH(v). Assume
further that a universal sheaf E exists over S ×MH(v). (This assumption will be dropped in
Section 4).
Let e : KtopS → KtopMH(v) be the homomorphism given by
(3.1) ex := f2!
(
f !1(−x∨)⊗ [E ]
)
.
The class ex has rank (v, x), in terms of the Mukai pairing
(3.2) (x, y) := −χ(x∨ ⊗ y),
for x, y ∈ KtopS. Let v⊥ be the sublattice of KtopS orthogonal to v.
Mukai defines a weight 2 Hodge structure on KtopS ⊗Z C as follows. The (2, 0) summand
is the pull-back of H2,0(S), via the Chern character isomorphism ch : KtopS → H∗(S,Z),
and the pullback of H0(S,Z) and H4(S,Z) are both of Hodge type (1, 1) [Mu1]. Recall that
H2(MH(v),Z) is endowed with the Beauville-Bogomolov pairing. The homomorphism
v⊥ → H2(MH(v),Z),(3.3)
x 7→ c1(ex),
THE BEAUVILLE-BOGOMOLOV CLASS AS A CHARACTERISTIC CLASS 9
is an isometry and an isomorphism of weight 2 Hodge structures [O’G, Y1].
The Mukai vector of a class v ∈ KtopS is the class ch(v)
√
tdS ∈ H∗(S,Z). Following Mukai,
we write the Mukai vector of v as a triple (r, c1(v), s), where the rank r corresponds to the
summand in H0(S,Z), while the summand in H4(S,Z) corresponds to the integer s times the
class Poincare-dual to a point. The Hirzebruch-Riemann-Roch Theorem yields the equality
(v, v) = c1(v)
2 − 2rs.
Proposition 3.1. The class κ(ev) is invariant under an index 2 subgroup of Mon(MH(v)). If
i is even, then κi(ev) isMon(MH(v))-invariant. If i is odd, then spanQ{κi(ev)} isMon(MH(v))-
invariant and Mon(MH(v)) acts on it via the character ρ given in (1.2).
The proposition is proven in Section 3.3 using results of [Ma2, Ma4]. Proposition 3.1 yields
a monodromy invariant pair of a class and its negative, denoted by
(3.4) ± κi(X),
for any irreducible holomorphic symplectic manifold X of K3[n]-type, n ≥ 2. The class κi(X)
is of type (i, i), by Lemma 3.2. Let Xd be the d-th cartesian product of X.
Lemma 3.2. Let α ∈ H2i(Xd,C) be a class, which is invariant under the diagonal action of
a finite index subgroup of Mon(X). Then α is of Hodge type (i, i).
Proof. The case d = 1 of the statement is proven in [Ma4, Prop. 3.8 part 3]. We sketch
the proof for the convenience of the reader. We endow Mon(X) with the Zariski topology
induced by GL(H∗(X,C)). Let so(H2(X,C)) be the Lie algebra associated to the Beauville-
Bogomolov pairing. The Lie algebra g of the identity component of the Zariski closure of
Mon(X) in GL[H∗(X,C)] is equal to the image of a faithful representation of the Lie algebra
so(H2(X,C)) on H∗(X,C), constructed by Verbitsky [Ve1, Theorem 7.1] (see also [LL, Sec.
4]). The equality of these Lie algebras is proven in [Ma2, Lemma 4.11]. Verbitsky proved
that the semi-simple endomorphism h of H∗(X,C), which acts on Hp,q(X) by
√−1(p − q),
is an element of the image of so(H2(X,C)) [Ve1, Theorem 7.1], and is hence tangent to the
identity component of the Zariski closure ofMon(X). The latter component is also the identity
component of the Zariski closure of any finite index subgroup of Mon(X), and in particular
of the subgroup leaving the class α invariant. Hence, α belongs to the kernel of δ(h), where
δ : g → gl[H∗(Xd,C)] is the diagonal representation. Now δ(h) = ∑di=1 idXi−1 ⊗ h ⊗ idXd−i ,
which is the Hodge operator of H∗(Xd,C). Hence, α is of Hodge type (i, i). 
3.2. Monodromy invariant classes κi(F) overM(v)×M(v). SetM :=MH(v). Assume
that a universal sheaf E exists over S ×M. A choice of a stable sheaf G in M yields a lift
of the class ev, given in (3.1), to a class in the bounded derived category of coherent sheaves
DbCoh(M). Avoiding such a choice, we construct instead a natural class over M×M.
Let πij be the projection from M× S ×M onto the product of the i-th and j-th factors.
Consider the following object in the bounded derived category of coherent sheaves overM×M:
(3.5) F := Rπ13∗
[
π∗12E∨
L⊗ π∗23E
]
[1],
where the dual and the tensor product are taken in the derived category. Let ιG : M →
M×M, be the embedding sending a point [G′] ∈ M to (G,G′). Then ιG relates the class of
F in Ktop(M×M) to ev:
Lemma 3.3. ev = ι
!
G[F ].
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Proof. Denote by ι˜G : S ×M →֒ M × S ×M the morphism given by (x,G′) 7→ (G,x,G′).
The Cohomology and Base Change Theorem yields the second equality below:
ι!G[−F ] = ι!Gπ13!(π!12E∨ ⊗ π!23E) = f2! ι˜!G(π!12E∨ ⊗ π!23E) = f2!(f !1G∨ ⊗ E) = −ev. 
Proposition 3.4. The class κ(F) in H∗(M×M,Q) is invariant under the diagonal action
of a finite index subgroup of Mon(M). If i is even, then κi(F) is Mon(M)-invariant. If i
is odd, then spanQ{κi(F)} is Mon(M)-invariant and Mon(M) acts on it via the character ρ
given in (1.2).
The proposition is proven in Section 3.3 using results of [Ma2, Ma4].
Lemma 3.5. c1(F) = −π∗1c1(ev) + π∗2c1(ev).
The lemma is proven in Section 3.3. When v is the class of the ideal sheaf of a length n
subscheme, and E is the universal ideal sheaf, then c1(ev) is half the class of the big diagonal
in S[n] [Ma4, Lemma 5.9].
The object F fits in an exact triangle
Ext1π13(π∗12E , π∗23E)→ F → Ext2π13(π∗12E , π∗23E)[−1]→ Ext1π13(π∗12E , π∗23E)[1].
Furthermore, Ext2π13(π∗12E , π∗23E) is isomorphic to the structure sheaf O∆ of the diagonal ∆ ⊂
[M×M], while Ext1π13(π∗12E , π∗23E) is a reflexive sheaf of rank (v, v), and is locally free away
from ∆ (Proposition 4.1).
Proposition 3.6. The statement of Proposition 3.4 holds if we substitute E := Ext1π13(π∗12E , π∗23E)
for F .
The Proposition is proven in Section 3.3.
3.3. Proof of the monodromy invariance of κi(X) and κi(F). We prove Propositions
3.1 and 3.4, Lemma 3.5, and Proposition 3.6, after reviewing the necessary facts about the
monodromy group of S[n].
Let S be a K3 surface, v ∈ KtopS a primitive class with c1(v) of type (1, 1), and H
a v-generic line bundle. Assume that MH(v) is non-empty (in particular, rank(v) ≥ 0,
(v, v) ≥ −2, and c1(v) is effective if rank(v) = 0). Then MH(v) is a projective irreducible
holomorphic symplectic manifold of K3[n]-type, with 2n = (v, v) + 2. Assume that (v, v) ≥ 2.
Then H2(MH(v),Z), endowed with the Beauville-Bogomolov pairing, is Hodge isometric to
v⊥ ⊂ KtopS, via Mukai’s isometry (3.3).
We define next the orientation character of O(KtopS). A 4-dimensional subspace V of
KtopS⊗ZR is positive definite, if the Mukai pairing restricts to V as a positive-definite pairing.
The positive cone C+ ⊂ KtopS ⊗Z R, given by
C+ := {x : (x, x) > 0},
is homotopic to the unit 3-sphere in any 4-dimensional positive definite subspace [Ma6, Lemma
4.1]. Hence H3(C+,Z) is isomorphic to Z and is a natural character
(3.6) cov : O(KtopS) −→ {±1}
of the isometry group. Let O+(KtopS) be the kernel of cov.
Denote by O(KtopS)v the subgroup of isometries of KtopS stabilizing v. Let g be any
isometry in O(KtopS)v. It is not assumed to preserve the Hodge structure. Denote by
(g ⊗ 1) : KtopS ⊗KtopM(v) −→ KtopS ⊗KtopM(v)
the homomorphism acting via the identity on the second factor. The Ku¨nneth Theorem
identifies KtopS ⊗ KtopM(v) with Ktop[S × M(v)] [At, Corollary 2.7.15]. Assume that a
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universal sheaf Ev exists over S × M(v) and let [Ev] be its class in Ktop[S × M(v)]. Let
D : KtopS → KtopS be the involution, sending a class x to its dual x∨. Set n := (v, v)/2 + 1.
We define a class in the middle cohomology H4n(M(v)×M(v),Z):
mon(g) :=
{
c2n
(−π13! {π!12 [(g ⊗ 1)[Ev1 ]]∨ ∪ π!23[Ev2 ]}) if cov(g) = 1,
c2n
(−π13! {π!12 [(Dg ⊗ 1)[Ev1 ]] ∪ π!23[Ev2 ]}) if cov(g) = −1.
Denote by
(3.7) mon(g) : H∗(M(v),Z) −→ H∗(M(v),Z)
the homomorphism obtained frommon(g) using the Ku¨nneth and Poincare-Duality Theorems.
Theorem 3.7. [Ma2, Theorems 1.2 and 1.6]
(1) The endomorphism mon(g) is an algebra automorphism and a monodromy operator.
(2) The assignment
(3.8) mon : O(KtopS)v −→ Mon(M(v)),
sending an isometry g to the operator mon(g), is a group homomorphism. The homo-
morphism is injective, if (v, v) ≥ 4, and its kernel is generated by the involution
(3.9) w 7→ −w + (w, v)v,
if (v, v) = 2.
(3) There exists a topological complex line bundle ℓg on MH(v) satisfying one of the fol-
lowing equations:
(g ⊗mon(g))[Ev ] = [Ev ]⊗ f∗2 ℓg, if cov(g) = 1,
((D ◦ g) ⊗mon(g))[Ev ] = [Ev]∨ ⊗ f∗2 ℓg, if cov(g) = −1.
The action of mon(g) on Ktop(M(v)), in part 3 of the Theorem, is constructed as fol-
lows. The Chern character homomorphism ch : KtopM(v) → H∗(M(v),Q) is injective, since
KtopM(v) is torsion free [Ma3]. The homomorphism ch is monodromy equivariant; hence it
maps KtopM(v) to a mon(g)-invariant subalgebra, for all g ∈ O(KtopS)v, by part 1 of Theo-
rem 3.7. Denote by mong the corresponding monodromy automorphism of KtopM(v). Part
3 of the Theorem can be rephrased in terms of the homomorphism e : KtopS → KtopM(v),
given in (3.1):
(3.10) mong(eg−1(x)) =
{
ex ⊗ ℓg, if cov(g) = 1,
(ex)
∨ ⊗ ℓg, if cov(g) = −1.
Consequently, the line bundle ℓg is determined by the following formula:
(3.11) c1(ℓg) =
mong(c1(ev))− cov(g) · c1(ev)
(v, v)
.
Let Mon2(M(v)) be the image in O[H2(M(v),Z)] of Mon(M(v)) under the restriction
homorphism from H∗(M(v),Z) to H2(M(v),Z).
Theorem 3.8. The restriction homomorphism Mon(M(v)) → Mon2(M(v)) is an isomor-
phism.
Proof. The statement was proved in [Ma4, Prop. 1.9] conditional on the Global Torelli Theo-
rem. The latter was later proved by Verbitsky [Hu2, Ve4]. 
Theorem 3.9. The homomorphism mon : O(KtopS)v → Mon(M(v)) is surjective. It is an
isomorphism, if (v, v) ≥ 4, and its kernel is generated by the involution (3.9), if (v, v) = 2.
12 EYAL MARKMAN
Proof. Let mon2 : O(KtopS)v →Mon2(M(v)) be the composition of mon with the restriction
homomorphism. If we replace mon by mon2 in the statement of the theorem we obtain a
statement that was proved in [Ma4, Theorem 1.2 and Lemma 4.2]. The theorem now follows
from Theorem 3.8. 
Proof of Proposition 3.1: If n ≥ 3, the isomorphism mon : O(KtopS)v → Mon(M(v)) of
Theorem 3.9 conjugates the character cov, given in (3.6), to the character ρ given in (1.2),
by [Ma4, Lemma 4.2]. When n = 2, ρ is the trivial character, since the discriminant group
has order 2 and so multimplication by −1 is the identity. Furthermore, in that case the
homomorphism mon maps the kernel of the character cov isomorphically onto Mon(M(v)).
It remains to prove that the pair {κ(ev), κ ((ev)∨)} is invariant under the image of O(KtopS)v
in Mon(M(v)) via mon and is permuted according to the character cov, as mon is surjective,
by Theorem 3.9. The O(KtopS)v-invariance of the pair {κ(ev), κ ((ev)∨)} follows from the
reformulation (3.10) of part 3 of Theorem 3.7, and the fact that g(v) = v. 
Proof of Proposition 3.4: It suffices to show that the pair {κ(F), κ (F∨)} is invariant under
the image of O(KtopS)v in Mon(M(v)) via mon and is permuted according to the character
cov, by the surjectivity of mon in Theorem 3.9 and the relation between cov and ρ explained
in the proof of Proposition 3.1. Denote by
DM : KtopM(v) → KtopM(v)
the duality involution y 7→ y∨ and by DS the duality involution of KtopS. Note the equality
(3.12) [Ev]∨ = (DS ⊗DM)[Ev].
Caution: while DM commutes with Mon(M(v)), DS does not commute with O(KtopS)v.
The class [F ] is the image in KtopM(v)⊗KtopM(v) of the class {(1⊗DM)[Ev ]}⊗ [Ev] via the
contraction with the Mukai pairing:
ψ : [KtopS ⊗KtopM(v)] ⊗ [KtopS ⊗KtopM(v)] → KtopM(v) ⊗KtopM(v)
x1 ⊗ y1 ⊗ x2 ⊗ y2 7→ −χ(x∨1 ⊗ x2)y1 ⊗ y2
The equality ψ = ψ ◦ (g ⊗ 1 ⊗ g ⊗ 1) holds, for any isometry g of the Mukai lattice. Hence,
the following equality holds:
ψ {(g ⊗mong ◦DM)[Ev]⊗ (g ⊗mong)[Ev ]} = ψ {(1⊗mong ◦DM)[Ev]⊗ (1⊗mong)[Ev]} .
The right hand side is (mong ⊗mong)[F ], while the left hand side is equal to{
ψ
{
(1⊗DM)([Ev ]⊗ f !2ℓg)⊗ [Ev]⊗ f !2ℓg
}
, if cov(g) = 1,
ψ
{
([Ev]⊗ f !2ℓ∨g )⊗ (1⊗DM)([Ev ]⊗ f !2ℓ∨g )
}
, if cov(g) = −1,
by part 3 of Theorem 3.7 (use also Equation (3.12) when cov(g) = −1). The latter contractions
simplify to
(3.13) (mong ⊗mong)[F ] =
{
[F ] ⊗ π!1(ℓ∨g )⊗ π!2ℓg, if cov(g) = 1,
([F ])∨ ⊗ π!1(ℓ∨g )⊗ π!2ℓg, if cov(g) = −1,
by the projection formula. We conclude that the pair {κ(F), κ(F∨)} is mon(g)-invariant. 
Proof of Lemma 3.5: For every g ∈ O+KtopS)v, we have:
(mong ⊗mong)(c1(F)) (3.13)= c1(F) − (v, v)[π∗1c1(ℓg)− π∗2c1(ℓg)]
(3.11)
=
c1(F)− π∗1 [mong(c1(ev))− c1(ev)] + π∗2 [mong(c1(ev))− c1(ev)].
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Consequently, c1(F)+π∗1(c1(ev))−π∗2c1(ev) isO+(KtopS)v-invariant. TheO+(KtopS)v-invariant
subspace of H2(M(v)×M(v)) vanishes, since the latter is the direct sum of two copies of the
non-trivial irreducible O+(KtopS)v-module H
2(M(v)). 
Proof of Proposition 3.6: Let δ : M→M×M be the diagonal embedding. The sheaf E
is the sheaf cohomology in degree zero of F and the sheaf in degree 1 is Ext2π13(π∗12E , π∗23E),
which is isomorphic to δ∗OM. We have
κ(F) := [ch(E)−ch(δ∗OM)] exp
(−c1(F)
2n− 2
)
= κ(E)−δ∗
[
δ∗ exp
(−c1(F)
2n− 2
)
tdδ
]
= κ(E)−δ∗(tdδ),
where the second euality follows from Grothendieck-Riemann-Roch and the projection formula
and the third from the vanishing of δ∗c1(F) proven in Lemma 3.5. The difference κ(F)−κ(E)
is thus −δ∗(tdδ), and is invariant under the diagonal monodromy action. We claim that the
graded summand of δ∗(tdδ) in H2i(M×M) vanish for odd i. The claim would follow once
we show that the graded summands of the Todd class of δ in degree 2i vanish, for odd i, since
the degree of δ∗ is divisible by 4. Indeed, the odd Chern classes of the normal bundle of the
diagonal vanish, the normal bundle being the tangent bundle hence self dual, and so the odd
graded summands of the Todd class of δ vanish. Consequently, the monodromy invariance
properties of κi(E) follow from those of κi(F). 
4. A reflexive sheaf over M(v) ×M(v)
Keep the notation of Section 3.2. Let F be the object overM×M constructed in Equation
(3.5). We consider in this section the case, where the universal sheaf E over S ×M is twisted
by the pullback a Brauer class θ on M, so that the object F is π∗1(θ−1)π∗2θ-twisted. We show
that the first sheaf cohomology of F is a reflexive π∗1(θ−1)π∗2θ-twisted sheaf E over M×M,
singular along the diagonal. We then resolve the singularities of E via a locally free twisted
sheaf V , over the blow-up of the diagonal in M×M.
Let β : B → [M×M] be the blow-up of M×M along the diagonal ∆, D := P(T∆)
the exceptional divisor, ι : D →֒ B the closed immersion, δ : ∆ →֒ M ×M the diagonal
embedding, p : D → ∆ the bundle map, ℓ the tautological line subbundle of p∗T∆, and ℓ⊥ the
symplectic-orthogonal subbundle of p∗T∆. Let τ be the involution of M×M, interchanging
the two factors, and τ˜ the induced involution of B. Note that τ∗(F) = F∨, by Grothendieck-
Serre’s Duality, and the triviality of the relative canonical line bundle ωπ13 . Note that the
object Lδ∗F and the sheaf δ∗E are untwisted as the the Brauer class π∗1(θ−1)π∗2θ restricts to
the diagonal as the trivial class. Set E∗ := Hom(E,OM×M) and E∨ := RHom(E,OM×M).
Proposition 4.1. (1) The twisted sheaf E := Ext1π13(π∗12E , π∗23E) is reflexive of rank (v, v).
Furthermore, κ(E∗) = κ(E∨).
(2) E restricts to [M×M]\∆ as a locally free sheaf. We have the following isomorphism:
(4.1) δ∗E ∼=
(
2∧ T ∗M
)
/OM · σ,
where σ is the symplectic form. For i > 0, we have
(4.2) T orM×Mi (E, δ∗OM) ∼= δ∗
i+2∧ T ∗M.
(3) The quotient
(4.3) V := [β∗E] (D)/tor,
by the torsion subsheaf, is a locally free sheaf of rank (v, v) over B.
(4) β∗(V ) ∼= E and Riβ∗(V ) = 0, for i > 0.
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(5) τ˜∗V is isomorphic to V ∗.
(6) The restriction V|D is naturally identified with the sub-quotient
(4.4) [ℓ⊥/ℓ].
In particular, V|D is a symplectic vector bundle.
The following lemmas will be used in the proof of Proposition 4.1.
Lemma 4.2. The following natural homomorphism is surjective:
(4.5) p∗p∗
(
[ℓ⊥/ℓ]⊗ ℓ∗
)
→ [ℓ⊥/ℓ]⊗ ℓ∗.
Proof. We identify each of the vector bundles T∆ and [ℓ⊥/ℓ] with its dual, via the symplectic
forms. We have the short exact sequence
0→ [ℓ⊥/ℓ]⊗ ℓ∗ → [p∗T ∗∆/ℓ]⊗ ℓ∗ → ℓ−2 → 0.
p∗
(
[ℓ⊥/ℓ]⊗ ℓ∗) ∼= ker [p∗({p∗T ∗∆⊗ ℓ∗}/O)→ p∗(ℓ−2)], which is naturally isomorphic to the
quotient [
2∧ T ∗∆]/O, by the line-sub-bundle spanned by the symplectic form. The homomor-
phism (4.5) is dual to the wedge product [ℓ⊥/ℓ]⊗ ℓ → p∗([ 2∧ T∆]/O), which is clearly
injective. 
Lemma 4.3. H0((ℓ⊥ ⊗ ℓ⊥)∗) is one dimensional.
Proof. It suffices to prove that p∗((ℓ⊥⊗ ℓ⊥)∗) is isomorphic to T∆⊗T∆, as H0(T∆⊗T∆) ∼=
End(T∆) is one dimensional, by the stability of T∆. We have the short exact sequences
0→ (ℓ⊥)∗ ⊗ ℓ→ (ℓ⊥)∗ ⊗ p∗T∆→ (ℓ⊥ ⊗ ℓ⊥)∗ → 0,
and
0→ ℓ2 → p∗T∆⊗ ℓ→ (ℓ⊥)∗ ⊗ ℓ→ 0.
Rip∗ℓj vanishes for all i and all 1 ≤ j ≤ 2n − 1, by Kodaira’s Vanishing Theorem. Hence,
Rip∗[(ℓ⊥)∗ ⊗ ℓ] vanishes for all i and p∗((ℓ⊥ ⊗ ℓ⊥)∗) is isomorphic to p∗[(ℓ⊥)∗ ⊗ p∗T∆], and
hence to p∗((ℓ⊥)∗)⊗ T∆. The latter is isomorphic to T∆⊗ T∆ by applying the functor p∗ to
the exact sequence 0→ ℓ→ p∗T∆→ (ℓ⊥)∗ → 0 and the vanishing of Rip∗ℓ, for all i. 
The proof of Proposition 4.1 requires a review of the following construction carried out in
[Ma1]. There exists a (non-canonical) complex
(4.6) V−1
g−→ V0 f−→ V1,
of locally free π∗1(θ
−1)π∗2θ-twisted sheaves over M×M, representing the object F [Lan]. The
sheaf homomorphism g is injective, since Ext0π13(π∗12E , π∗23E) vanishes. The middle cohomol-
ogy sheaf ker(f)/Im(g) is isomorphic to Ext1π13(π∗12E , π∗23E), and coker(f) is isomorphic to
Ext2π13(π∗12E , π∗23E), and hence also to δ∗O∆. Furthermore, the dual complex represents the
pullback τ∗(F) of the object F . In particular, coker(g∗) is also isomorphic to δ∗O∆.
Claim 4.4.
Ext1(Im(f),OM×M) = 0,(4.7)
ker(f)∗ ∼= coker(f∗),(4.8)
ker(g∗)∗ ∼= coker(g).(4.9)
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Proof. Consider the long exact sequence of extension sheaves, obtained by applyingHom(•,OM×M)
to the short exact sequence
0→ Im(f)→ V1 → O∆ → 0.
Exti(V1,OM×M) = 0, for i > 0, and Exti(O∆,OM×M) = 0, for 0 ≤ i < dim(M) = 2n, by the
Local Duality Theorem. The vanishing (4.7) follows.
Applying Hom(•,OM×M) to the short exact sequence
0→ ker(f)→ V0 → Im(f)→ 0,
we get the short exact sequence
0→ V ∗1
f∗−→ V ∗0 −→ ker(f)∗ → 0,
by the vanishing (4.7). Equation (4.8) follows.
Equation (4.9) is the analogue of Equation (4.8) for the dual of the complex (4.6). 
The pullback of the complex (4.6) via the diagonal embedding δ is equivalent to the object
Rf2,∗(E∨ ⊗ E)[1] in Db(M). In particular, ker(δ∗g) ∼= Ext0f2(E , E) ∼= OM and coker(δ∗f) ∼=
Ext2f2(E , E) is its dual, by Grothendieck-Verdier Duality, hence is isomorphic to OM as well.
Let K be the kernel of g|∆ : (V−1)|∆ → (V0)|∆ and F the image of f|∆ : (V0)|∆ → (V1)|∆ . Then
K and (V1)|∆/F are both isomorphic to O∆. Let U−1 be the subsheaf of (β∗V−1)(D), whose
sections restrict to D as sections of [ι∗(p∗K)](D). We get the short exact sequence:
(4.10) 0→ β∗V−1 → U−1 → [ι∗(p∗K)](D)→ 0.
Define U1 ⊂ β∗V1 as the subsheaf, whose sections restrict to D as sections of ι∗(p∗F ). It fits
in the short exact sequence:
(4.11) 0→ U1 → β∗V1 → ι∗(p∗coker(f))→ 0.
The section β∗g of Hom(U−1(−D), β∗V0) vanishes along the divisor D and hence defines a
section g˜ of Hom(U−1, β∗V0). We get the complex of vector bundles over B
U−1
g˜−→ β∗V0 f˜−→ U1,
where f˜ is surjective. The dual of the above complex is obtained from the dual of the complex
(4.6) via the analogous construction. Hence, g˜∗ is surjective as well. Both U−1 and U1 are
locally free OB-modules. Set
(4.12) V˜ := ker(f˜)/Im(g˜).
Then V˜ is locally free as well. We will see in the course of the proof of Proposition 4.1 that
V˜ is isomorphic to the sheaf V given in Equation (4.3).
Claim 4.5. (1) β∗(U−1) ∼= V−1, and Riβ∗(U−1) = 0, for i > 0.
(2) β∗(U1) ∼= Im(f), and Riβ∗(U1) = 0, for i > 0.
(3) β∗(ker(f˜)) ∼= ker(f), and Riβ∗(ker(f˜)) = 0, for i > 0.
Proof. 1) The higher direct images Rip∗(OD(D)) vanish, for i ≥ 0. This vanishing implies
Part 1, using the long exact sequence of higher direct images via β, associated to the short
exact sequence (4.10).
2) The push-forward p∗OD is isomorphic to O∆, and all the higher direct images vanish.
Part 2 follows from the long exact sequence of higher direct images via β, associated to the
short exact sequence (4.11).
Part 3 follows from part 2 using the long exact sequence of higher direct images via β,
associated to the short exact sequence 0→ ker(f˜)→ β∗V0 f˜→ U1 → 0. 
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Proof of Proposition 4.1:
Part 1) The sheaf ker(g∗) is reflexive, being a saturated subsheaf of a locally free sheaf.
Applying Hom(•,OM×M) to the short exact sequence
0→ Ext1π13(π∗12E , π∗23E)→ coker(g)→ Im(f)→ 0,
we get the short exact sequence
0→ V ∗1
f∗−→ ker(g∗) −→ [Ext1π13(π∗12E , π∗23E)]∗ → 0,
by the vanishing (4.7) and equation (4.9). Hence,
[Ext1π13(π∗12E , π∗23E)]∗ is the middle sheaf
cohomology of the complex dual to (4.6). The dual complex represents the object τ∗F , in
the derived category, so the middle sheaf cohomology is the pullback τ∗Ext1π13(π∗12E , π∗23E).
Reflexivity now follows, by applying the above argument to the dual complex, since τ2 = id.
The equality κ(E) = κ(F)+ch(δ∗OM) follows from Lemma 2.5. Now (δ∗OM)∨ = δ∗ωM[−2n],
and ωM ∼= OM. Hence, ch(δ∗OM) = ch((δ∗OM)∨). Finally, we have
κ(E∗) = κ(τ∗E) = τ∗(κ(E)) = τ∗[κ(F) + ch(δ∗OM)] = κ(F∨) + ch((δ∗OM)∨) = κ(E∨).
Part 4, with V replaced by V˜ , follows from Claim 4.5 and the long exact sequence of higher
direct images via β, associated to the short exact sequence
0→ U−1 g˜→ ker(f˜)→ V˜ → 0.
We prove next Part 6 with V replaced by V˜ . Assume first that the universal sheaf is
untwisted. Let Z be the total space of the vector bundle Hom(V−1, V0), h : Z → M×M
the projection, g′ : h∗V−1 → h∗V0 the tautological homomorphism, Z1 ⊂ Z the determinantal
stratum, where the rank of g′ is rank(V−1) − 1, and g : M×M → Z the section given in
(4.6). Z1 is a smooth locally closed subvariety, whose normal bundle NZ1 is isomorphic to
Hom
(
ker(g′|Z1
), coker(g′|Z1
)
)
[ACGH]. The diagonal ∆ is the scheme theoretic inverse image
g−1(Z1). Hence, the homomorphism
(4.13) dg : N∆ −→ g∗NZ1 = Hom
(
ker(g|∆), coker(g|∆)
)
is injective at every fiber of N∆. ∆ is also the degeneracy locus of the homomorphism f given
in (4.6), and f ◦g = 0. Thus, the image of dg is contained in Hom (ker(g|∆), ker(f|∆)/Im(g|∆)).
Now, ker(g|∆) ∼= O∆ and ker(f|∆)/Im(g|∆) is isomorphic to T∆, by the well known identifica-
tion of TM with the relative extension sheaf Ext1f2(E , E). We conclude that dg factors through
a homomorphism
dg : N∆ −→ T∆,
which is fiber-wise injective, and hence an isomorphism.
The above argument is easily adapted to the case of a twisted universal sheaf as follows.
The sheaves ker(g|∆) and coker(g|∆) are untwisted and so the description of dg, which is valid
in each local chart, glues to the global description provided in Equation (4.13). The rest of
the argument is identical.
Over B we have the tautological line-sub-bundle η : OD(D) →֒ p∗N∆ and the homomor-
phism d(β∗g) is the composition p∗(dg) ◦ η. It follows that the image of d(β∗g) is ℓ ⊂ T∆, by
the definition of ℓ. We claim, on the other hand, that the image of d(β∗g) is precisely the line
bundle
Hom
(
p∗ ker(g|∆), Im(g˜|D)/Im(β
∗g|D)
)
.
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Observe first that the image of β∗g is contained in the image of g˜, which is a subbundle of
β∗V0. We see that the image of d(β∗g) is contained in the line bundle displayed above, by
repeating the above argument for the complex of locally free sheaves
β∗V−1
β∗g→ β∗V0 → β∗V0/Im(g˜).
The image is equal to the line bundle displayed above, since the latter is isomorphic to
OD(D). Indeed, we have observed already that p∗ ker(g|∆) is the trivial line bundle and
Im(g˜|D)/Im(β
∗g|D) is isomorphic to U−1/β
∗V−1 ∼= [ι∗(p∗K)](D), which is isomorphic toOD(D).
These two descriptions of the image of d(β∗g) provide a canonical isomorphism ℓ ∼= Im(g˜|D)/Im(β∗g|D).
We see that V˜|D is a sub-bundle of [p
∗T∆]/ℓ.
Repeating the above argument, for the dual of the complex (4.6) and for the homomorphism
f∗, we get that (V˜ ∗|D) embedds as a subbundle of [p
∗T∆]/ℓ as well (under the identification
T∆ ∼= T ∗∆, via the symplectic structure). Composing the former embedding with the dual
of the latter we see that V˜|D is isomorphic to the image of a homomorphism from [(p
∗T∆)/ℓ]∗
to (p∗T∆)/ℓ. The composite homomorphism must be a non-zero multiple of the composi-
tion of the inclusion ℓ⊥ → p∗T∆ with the quotient homomorphism p∗T∆ → (p∗T∆)/ℓ, as
Hom(ℓ⊥, (ℓ⊥)∗) is one dimensional by Lemma 4.3. Hence, V˜|D is isomorphic to ℓ
⊥/ℓ.
Part 3) It suffices to prove the isomorphism V ∼= V˜ , as we already know that V˜ is locally free
of rank (v, v). The direct image p∗[(V˜ )|D ] vanishes, by part 6 and the vanishing of p∗[ℓ
⊥/ℓ].
Hence, β∗[V˜ (−D)] is isomorphic to β∗V˜ . We already established the isomorphism β∗V˜ ∼= E
in the proof of part 4 (with V replaced by V˜ ). We get the isomorphism β∗E ∼= β∗β∗[V˜ (−D)].
The natural homomorphism β∗β∗[V˜ (−D)]→ V˜ (−D) is surjective, by part 6 and Lemma 4.2.
The kernel of the composition β∗E ∼= β∗β∗[V˜ (−D)]→ V˜ (−D) is supported on D, and is hence
the torsion subsheaf of β∗E. The isomorphism V (−D) ∼= V˜ (−D) follows.
Part 5) If we repeat the construction of the vector bundle V˜ in Equation (4.12), using the
dual of the complex (4.6), we obtain the vector bundle V˜ ∗, by a direct check. On the other
hand, the dual complex represents τ∗F , and the proof of the equality of the sheaves (4.3) and
(4.12) yields the isomorphism
V˜ ∗ ∼= β∗
[
τ∗
{Ext1π13(π∗12E , π∗23E)}] (D)/tor.
The statement now follows from the equality β∗τ∗ = τ˜∗β∗.
Part 2) Consider the exact triangle
E
a−→ [V−1 → V0 → V1] b−→ O∆[−1] → E[1].
Restriction to ∆ yields the long exact sequence
T orM×M2 (E,O∆)
a−2−→ 0 b−2−→ T orM×M3 (O∆,O∆)
δ−1−→
T orM×M1 (E,O∆)
a−1−→ O∆ b−1−→ T orM×M2 (O∆,O∆)
δ0−→
E ⊗O∆ a0−→ T∆ b0−→ T orM×M1 (O∆,O∆)
δ1−→
0
a1−→ O∆ b1−→ O∆ ⊗O∆ → 0.
Note that T orM×Mi (O∆,O∆) is isomorphic to
i∧ T ∗∆. Clearly, δ−i is an isomorphism, for
i ≥ 2. The isomorphism in Equation (4.2) follows for i ≥ 2. The homomorphism b0 is
surjective, hence an isomorphism. Thus a0 = 0 and δ0 is surjective.
The isomorphisms in Equation (4.2) for i = 1 and in Equation (4.1) would both follow,
once we prove that b−1 is injective. The proof is by contradiction. Assume that b−1 vanishes.
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Then δ0 is injective and δ0(σ) is a non-zero global section of H
0(E ⊗ O∆). Let tor(β∗E)
be the torsion subsheaf of β∗E. The endo-functor Rβ∗Lβ∗ of DbCoh(M ×M, π∗1(θ−1)π∗2θ)
is the identity. Hence, β∗(tor(β∗E)) = 0, since E is torsion free, by part 1. In particular,
H0(tor(β∗E)) = 0. Now [β∗E/tor(β∗E)]|D ∼= ℓ⊥/ℓ, by part 6, and H0(ℓ⊥/ℓ) = 0. Thus,
H0(D, [β∗E]|D) = 0. Consequently, H
0(E ⊗ O∆) = 0. A contradiction. This completes the
proof of Proposition 4.1. 
Remark 4.6. The statement of Proposition 4.1 holds for smooth and projective moduli spaces
of stable sheaves over an abelian surface. The same proof applies with one exception, Lemma
4.3 is false in that case. We sketch the argument replacing the use of Lemma 4.3 in the proof of
Proposition 4.1, omitting the details. The same argument, used in the proof above, identifies
p∗T∆ with the degree 0 sheaf cohomology ker(β∗f|D)/Im(β
∗g|D) of the restriction to D of the
pullback β∗V• of the complex (4.6). Furthermore, a filtration
(4.14) ℓ ⊂W ⊂ p∗T∆,
by subbundles of p∗T∆ is constructed, where ℓ is identified with Im(g˜|D)/Im(β
∗g|D) and
W := ker(f˜|D)/Im(β
∗g|D) is a co-rank 1 subbundle of p
∗T∆. Lemma 4.3 was used to prove
that W is equal to the subbundle ℓ⊥ symplectic-orthogonal to ℓ. Avoiding Lemma 4.3 one
checks first that the filtration (4.14) depends only on the object F in Db(M(v) × M(v))
represented by the complex (4.6), so that any other quasi-isomorphic complex of locally free
sheaves induces the same filtration of the degree 0 cohomology of the restriction of its pullback
to the exceptional divisor D. The complex V ∗• dual to (4.6) yields an analogous filtration
(4.15) ann(W ) ⊂ ann(ℓ) ⊂ p∗T ∗∆,
where ann(W ) and ann(ℓ) are the subbundles annihilating W and ℓ. Now, as observed in
the proof above, the pullback τ∗(V ∗• ), by the transposition τ of the two factors, is a locally
free complex representing an object isomorphic to the object F represented by (4.6). The
induced isomorphism between the degree 0 sheaf cohomologies p∗T ∗∆ = H0(β∗(τ∗(V ∗• ))|D)
and p∗T∆ = H0((β∗V•)|D) depends only on the choice of a trivialization of the canonical line-
bundle of the abelian surface and corresponds to the canonical, up to a scalar factor, symplectic
structure onM(v) constructed by Mukai [Mu1]. On the one hand the isomorphism maps the
filtration (4.14) to (4.15), since the two complexes represent the same object. On the other
hand, its symplectic interpretation implies that it maps ℓ⊥ to ann(ℓ). Hence, W = ℓ⊥.
5. Lifting deformations of a moduli space M to deformation of the pair
(M, E)
Keep the notation of Section 4. In particular, M := MH(v) is a moduli space of stable
sheaves over a K3 surface S and E is the reflexive sheaf over the productM×M introduced
in Proposition 4.1. Let S′ be another projective K3 surface, v′ ∈ KtopS′ a primitive class
satisfying (v′, v′) = 2n − 2, n ≥ 2, and H ′ a v′-generic ample line bundle. Assume that
M′ := MH′(v′) is non-empty. Yoshioka proved that the moduli space M′ is an irreducible
holomorphic symplectic variety, deformation equivalent to S[n] [Y1]. His proof implies the
existence of a sequence of families of K3 surfaces Si → Ti, 1 ≤ i ≤ N , over quasi-projective
curves Ti, with smooth and proper relative families of such moduli spaces MSi/Ti having the
following properties. There exist points t′i ∈ Ti and t′′i+1 ∈ Ti+1, and an isomorphism φi from
the fiber Mt′i onto the fiber Mt′′i+1 . Finally, Mt′1 =MH′(v′), and Mt′′N = S[n].
The isomorphism φi comes in two flavors. One is induced by a Fourier-Mukai transforma-
tions between the derived categories of St′i and St′′i+1 mapping stable sheaves to stable sheaves.
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Such Fourier-Mukai transformations relate a twisted universal sheaf over St′i×Mt′i to one over
St′′i ×Mt′′i [Mu2, Theorem 1.6].
The second flavor is induced by the composition, of a Fourier-Mukai transformation, with
the functor, which takes an object or a morphism, in the derived category, to its dual. The
composite functor relates a twisted universal sheaf over St′i × Mt′i to the dual of one over
St′′i+1 ×Mt′′i+1 (see [Ma2, Theorem 7.9] or [Y1, Prop. 3.2]).
The following Lemma thus follows from Yoshioka’s work. Let E be the twisted sheaf over
M×M in Proposition 4.1 and E′ its analogue overM′×M′. Note that End(E) and End(E∗)
are isomorphic reflexive coherent sheaves, but they are not isomorphic as reflexive sheaves of
Azumaya algebras.
Lemma 5.1. The pair (M′, {End(E′), End((E′)∗)}) deforms to the pair (M, {End(E), End(E∗)}).
The structures of Azumaya algebras deform as well.
6. Hyperholomorphic sheaves
We review Verbitsky’s theory of hyperholomorphic reflexive sheaves [Ve3]. It plays a central
role in the proof of Theorem 1.4.
6.1. Twistor deformations of pairs. Let X be an irreducible holomorphic-symplectic man-
ifold, ω a Ka¨hler class of X, and X → P1ω the associated twistor deformation [HKLR, Hu1].
Recall that associated to ω and the complex structure I is a Ricci-flat hermitian metric g,
by the Calabi-Yau theorem [Be]. Furthermore, any two among I, ω, and g, determine the
third. The twistor deformation X → P1ω comes with a canonical differentiable trivialization
X ∼= X×P1ω. Let ψ : X → X be the first projection. The Riemannian metric on X is constant
with respect to this trivialization, but the complex structure It and the associated Ka¨hler form
ωt vary as we vary t ∈ P1ω. We denote by Xt the differentiable manifold X endowed with the
complex structure It. We denote by 0 ∈ P1ω the point corresponding to the complex structure
I on X.
Let F be a reflexive sheaf on X and (F )sing the singular locus of F . Then (F )sing has
codimension ≥ 3 in X. Set (F )sm := X \ (F )sing. Let gF be a hermitian metric on the
restriction of F to (F )sm. Associated to gF and the holomorphic structure ∂¯ of F is the Chern
connection ∇ [GH, Ch. 0 Sec. 5, Lemma page 73]. Recall that ∂¯ is the (0, 1)-part of ∇. The
decomposition T ∗CX := T
1,0X ⊕ T 0,1X, of the complexified cotangent bundle of X, depends
on the complex structure I of X.
When the sheaf F is ω-slope-stable, then there exists a unique Hermite-Einstein metric gF ,
whose curvature form is L2-integrable, on the restriction of F to (F )sm [BS]. We will refer to
gF as the Hermite-Einstein metric of F and to its Chern connection as the Hermite-Einstein
connection of F . Denote by ∂¯t, t ∈ P1ω, the (0, 1)-part of ∇ with respect to the complex
structure It. Then ∂¯
2
0 = 0, but ∂¯
2
t need not vanish for a general t ∈ P1ω.
Definition 6.1. [Ve3, Def. 3.15] An ω-slope-stable reflexive sheaf F over (X,ω) is ω-
stable-hyperholomorphic, if ∂¯2t = 0, for all t ∈ P1ω. An ω-slope-polystable reflexive sheaf
F is ω-polystable-hyperholomorphic, if each ω-slope-stable direct summand of F is ω-stable-
hyperholomorphic.
The ω-slope of an ω-polystable-hyperholomorphic reflexive sheaf is zero, by [Ve3, Rem.
3.12].
Remark 6.2. Note that the condition ∂¯2t = 0, for all t ∈ P1ω, in the above definition is
equivalent to the SU(2)-invariance of the curvature of ∇ appearing in [Ve3, Def. 3.15]. The
equivalence follows from [Ve3, Lemma 2.6].
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Definition 6.3. [Ve3, Def. 2.9] A subvariety Z of X is ω-tri-analytic, if the canonical differ-
entiable trivialization X ∼= X × P1ω maps Z × P1ω to a closed analytic subvariety of X .
Verbitsky proves that the singularity locus Z := (F )sing, of a reflexive hyperholomorphic
sheaf, is supported over a tri-analytic4 subvariety of X [Ve3, Claim 3.16]. The complex
structure ∂¯t on F defines a locally free OXt-module over Xt \Z. We denote by Ft the reflexive
sheaf on Xt corresponding to the push-forward of the latter via the inclusion into Xt. In
particular, F0 = F . The pushforward Ft is a reflexive coherent sheaf, by the Main Theorem
of [Siu], since the complex codimention of (F )sing is ≥ 3. The sheaf Ft is ωt-polystable, by
[Ve3, Prop. 3.17]. The pullback ψ∗(F|X\Z ) to X \ [Z × P1ω], of the vector bundle associated
to the restriction of F to its locally free locus, is endowed with the pulled back connection,
whose (0, 1) part is an integrable complex structure, by [KV, Lemma 5.1]. Its push-forward
to X is a reflexive coherent sheaf F , by the Main Theorem of [Siu]. Ft is the reflexive hull of
the quotient of the restriction of F to the fiber of X over t ∈ P1ω by its torsion subsheaf, as
the two agree away from Z. The following is a fundamental result of Verbitsky.
Theorem 6.4. [Ve3, Theorem 3.19] Let E be an ω-slope-stable reflexive sheaf on X. Assume
that ci(E) is of Hodge type (i, i), for i = 1, 2, and for all complex structures parametrized by
the twistor line P1ω. Then E is ω-stable hyperholomorphic.
The notion of ω-slope-stability is well defined for twisted sheaves as well. Slope-stability
of a torsion-free sheaf E depends on the sheaf End(E) of Lie-algebras and its subsheaves of
maximal parabolic subalgebras. Given a subsheaf F of E, the condition slopeω(F ) < slopeω(E)
is equivalent to
(6.1) degω(Hom(E,F )) < 0.
The sheaf Hom(E,F ) is untwisted, for every θ-twisted subsheaf F of a θ-twisted sheaf E.
Definition 6.5. (1) Let E be a torsion free θ-twisted sheaf and ω a Ka¨hler class onX. We
say that E is ω-slope-stable, if the inequality (6.1) holds, for every non-zero θ-twisted
proper subsheaf F of E. The sheaf E is ω-slope-semistable, if the analogue of (6.1),
with strict inequality replaced by ≤, holds for every such F . The sheaf E is said to
be ω-slope-polystable, if it is ω-slope-semistable and away from a locus of codimension
two E is isomorphic to a direct sum of ω-slope-stable sheaves.
(2) A reflexive sheaf A of Azumaya algebras (Definition 2.6) is ω-slope-stable (resp. ω-
slope-polystable), if some, hence any lift of A to a twisted reflexive sheaf has the
corresponding property. Equivalently,5 A is ω-slope-stable, if every non-trivial subsheaf
of maximal parabolic subalgebras of A has negative ω-slope.
Note that if E is reflexive and ω-slope-polystable, then E is a direct sum of ω-slope-stable
sheaves [HL, Cor. 1.6.11].
4Note that Z is tri-analytic if and only if Z is analytic with respect to It, for all t ∈ P
1
ω. The ‘only if’
direction is clear. The ‘if’ direction follows from the following fact. Given points t ∈ P1ω and x ∈ X, we get
the direct sum decomposition T(x,t)X = TtP
1
ω ⊕ TxX, of the real tangent space, induced by the differentiable
trivialization of X . The relevant fact is that both summands are complex subspaces, even though the projection
X → X is not holomorphic [HKLR, formula (3.71)].
5Given a subspace W of a vector space V we get the maximal parabolic subalgebra of gl(V ) consisting of
endomorphisms of V which map W to itself. All maximal parabolic subalgebras of gl(V ) are obtained that
way. A subsheaf P of maximal parabolic subalgebras of a reflexive sheaf A of Azumaya algebras is a subsheaf,
which away from the singularities of A corresponds to a subbundle of maximal parabolic subalgebras in each
fiber. If A = End(E) and P corresponds to a subsheaf F of E, then degω(P ) = degω(Hom(E,F )), since
degω(P/Hom(E, F )) = degω(End(E/F )) = 0.
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Proposition 6.6. Let (X,ω) be a compact Ka¨hler manifold and E a reflexive ω-slope-stable θ-
twisted coherent sheaf, for some θ ∈ H2an(X,O∗). Then the sheaf End(E) is ω-slope-polystable.
The proposition is proven in the Appendix Section 9. The untwisted case of the proposition
is well known and follows from [BS, Theorem 3] stating that the existence of an admissible
ω-Hermite-Einstein metric on E is equivalent to ω-slope-polystability of E.
Lemma 6.7. [Ve3, Section 3.5] Let F and G be two reflexive ω-polystable-hyperholomorphic
sheaves of ω-slope 0. Then the following statements hold.
(1) Any global section f of F is flat with respect to the Hermite-Einstein connection. In
particular, f is a holomorphic section with respect to all complex structures ∂¯t, t ∈ P1ω.
(2) There exists a canonical isomorphism of vector spaces Hom(Ft, Gt) → Hom(Fs, Gs),
for all s, t ∈ P1ω.
(3) If Ft is endowed with an associative multiplication mt : Ft ⊗ Ft → Ft, or more specifi-
cally a structure of an Azumaya OXt-algebra, or a Lie-algebra structure [, ]t : Ft⊗Ft →
Ft, then Fs is naturally endowed with such a structure, for all s ∈ P1ω.
(4) Any saturated subsheaf F ′ of F of ω-slope zero is reflexive and ω-polystable-hyperholomorphic.
(5) Let ϕ : F → G be a homomorphism. Then ker(ϕ) and Im(ϕ) are ω-polystable-
hyperholomorphic.
(6) Let F ′t be a saturated subsheaf of Ft, of ωt-slope 0, for some t ∈ P1ω. Then F ′t extends
to an ω-polystable-hyperholomorphic subsheaf F ′s of Fs, for all s ∈ P1ω.
(7) If Ft has a structure of an Azumaya algebra and the subsheaf F
′
t in part 6 is a maximal
parabolic subalgebra, then the subsheaf F ′s is a maximal parabolic subalgebra, for all
s ∈ P1ω.
Proof. Part 1) A global section of F corresponds to a direct summand of F isomorphic to the
trivial line bundle, since F is polystable of ω-slope zero. The statement reduces to the case
of a trivial line bundle, in which it is clear. Note also that the (0, 1) part of the connection
with respect to the complex structure I of X is the (1, 0) part with respect to the conjugate
complex structure −I, so if a section is holomorphic with respect to both I and −I, then it is
flat.
Part 2) Follows from Part 1. See [Ve3, Theorem 3.27].
Part 3) The sheaf Hom (Hom(F ∗t , Ft), Ft) is ωt-polystable-hyperholomorphic and m (or [, ])
is a global section of this sheaf, hence a flat section with respect to the induced Hermite-
Einstein connection, hence a holomorphic section with respect to all induced complex struc-
tures, by part 1. The axioms of the corresponding algebraic structure are expressed as iden-
tities involving flat sections. Hence they hold for all s ∈ P1ω, since they hold at t.
Part 4) The ω-slope-stable summands of F are hyperholomorphic, and F ′ is necessarily
isomorphic to a direct sum of such summands.
Part 5) The kernel and image of ϕ must have ω-slope zero. It remains to prove that the
image is a saturated subsheaf. Now ϕ factors through an injective homomorphism from a
direct summand F ′ of F into G, and F ′ is reflexive, since F is. Im(ϕ) is thus reflexive and
its saturation in G has the same slope as Im(ϕ) and so Im(ϕ) is already saturated.
Part 6) Ft is ωt-slope-polystable hyperholomorphic, for all t ∈ P1ω, by [Ve3, Prop. 3.17
and Theorem 3.19]. The sheaf F ′t is ωt-slope-polystable hyperholomorphic, by part 4. It
is furthermore a direct summand of Ft, as the latter is polystable of the same slope. The
statement thus follows from the uniqueness of the hyperholomorphic connection [Ve3, Remark
3.20] and its compatibility with the direct sum decomposition.
Part 7) Assume that F ′t is a saturated ωt-slope 0 Lie subalgebra. Then its extension, in part
6, consists of Lie subalgebras F ′s, for all s ∈ P1ω, by part 3. Let F ′′s be the subsheaf orthogonal
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to F ′s with respect to the trace bilinear pairing. Then F ′s is a sheaf of maximal parabolic
subalgebra over (F )sm, if and only if the following two conditions hold: a) F
′′
s is a subsheaf of
F ′s, and b) the homomorphism F ′′s ⊗ F ′′s → Fs, given by a⊗ b 7→ ab, vanishes. Now F ′′s is the
kernel of the homomorphism F ′s → (F ′s)∗, induced by the trace pairing. Hence F ′′s is saturated
of ωs-slope 0, and so ωs-polystable-hyperholomorphic, by part 4.
Assume now that F ′t is a saturated ωt-slope 0 maximal parabolic subalgebra of Ft. We
get a flag F ′′ ⊂ F ′ ⊂ F of ω-polystable-hyperholomorphic reflexive sheaves of ω-slope 0.
Furthermore, each of the conditions a) and b) above is expressed in terms of the vanishing
of a natural homomorphism between ω-polystable-hyperholomorphic sheaves of slope zero.
Hence, if they both hold for t, then they both hold for all s ∈ P1ω, by part 1. 
6.2. Projectively ω-stable-hyperholomorphic sheaves.
Definition 6.8. Let F be a reflexive ω-slope-stable (possibly twisted) sheaf of positive rank
over (X,ω). We say that F is projectively ω-stable-hyperholomorphic if, in addition, the sheaf
End(F ) is ω-polystable-hyperholomorphic. A reflexive ω-slope-polystable sheaf is projectively
ω-polystable-hyperholomorphic, if it is a direct sum of projectively ω-stable-hyperholomorphic
sheaves.
Let F be a projectively ω-polystable-hyperholomorphic reflexive (possibly twisted) sheaf
of rank r > 0. As the singular locus of F has codimension ≥ 3, we have the isomorphism
H2(X,µr) ∼= H2(X \ (F )sing, µr). We get the characteristic class θ˜ ∈ H2(X,µr) of the pro-
jective bundle associated to F over X \ (F )sing via Equation (2.3). If F happens to be
untwisted, this class is exp
(−2π√−1c1(F )/r), as in equation (2.5). Denote by θt the image
of θ˜ in H2an(Xt,O∗Xt). Similarly, let θ be the image of θ˜ in H2an(X ,O∗X ) via the composite
homomorphism
(6.2) H2(X,µr)
ψ∗→ H2(X , µr)→ H2an(X ,O∗X ),
where the left homomorphism is the pull-back via the projection ψ : X → X, associated to
the differentiable trivialization of the twistor deformation.
Construction 6.9. The sheaf F corresponds to a reflexive sheaf A of Azumaya algebras
(Definition 2.6) with Brauer class θ over the twistor space X . Following is the construction
of such a family. The sheaf End(F ) is ω-polystable-hyperholomorphic, by assumption. Hence
End(F ) extends to a reflexive sheaf A over X . The structure on End(F ) of a reflexive sheaf
of Azumaya algebras extends to one on A, by Lemma 6.7 part (3). It remains to prove that
the Brauer class of A is θ. Now A has rank r and thus determines a class α in H2(X , µr)
(use the homomorphism (2.3) and the fact that the singular locus of A has codimension
≥ 3 in X ). The class α restricts to the class θ˜ in H2(X,µr). Hence, it suffices to prove
that the image of the composite homomorphism (6.2) is equal to the r-torsion subgroup. Now
H2(X , µr) is isomorphic to H2(P1ω, µr)⊕H2(X,µr) and the image of the summand H2(P1ω, µr)
in H2an(X ,O∗X ) is trivial, as it is already trivial in H2an(P1ω,O∗P1ω ).
Denote by Z the singular locus of A and let Zt be its fiber over t ∈ P1ω. We keep the
convention of Section 6.1 and denote by At the pushforward to Xt of the restriction of A to
Xt \ Zt. Then At is a coherent reflexive sheaf, by the Main Theorem of [Siu].
Lemma 6.10. Let F be a reflexive projectively ω-polystable-hyperholomorphic twisted sheaf.
Let A be the reflexive sheaf of Azumaya algebras over the twistor family X associated to End(F )
via Construction 6.9. If At is an ωt-slope-stable sheaf of Azumaya algebras over Xt for some
t, then it is ωt-slope-stable for every t.
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Proof. Assume that A′t is a saturated subsheaf of At of maximal parabolic subalgebras, and
A′t has ωt-slope 0, for some t ∈ P1ω. Then A′t extends as an ω-polystable-hyperholomorphic
subsheaf P of A, with P0 an ω-slope 0 subsheaf of End(F ), by Lemma 6.7 part 6. The
subsheaf Pt = A′t is a sheaf of maximal parabolic subalgebras. Its extension is also a subsheaf
of maximal parabolic subalgebras, by Lemma 6.7 part 7. In particular, if Pt is a non-zero
proper subsheaf, then At is not ωt-slope-stable, for any t. 
Theorem 6.11. [Ve3, Cor. 3.24] Let F be an ω-slope-polystable reflexive sheaf on (X,ω),
such that c1(F )/rank(F ) = c1(F
′)/rank(F ′) for every direct summand F ′ of F . Let It be an
induced complex structure such that It 6∈ {I,−I}. Then
(6.3)
∫
X
κ2(F )ω
2n−2 ≥
∣∣∣∣
∫
X
κ2(F )ω
2n−2
t
∣∣∣∣ ,
and equality holds, if and only if each stable direct summand F ′ of F is ω-stable-hyperholomorphic.
Furthermore, equality holds in (6.3) if κ2(F ) is of Hodge type (2, 2) with respect to It, for all
t ∈ P1ω.
Proof. When F is ω-slope-stable this is precisely [Ve3, Cor. 3.24]. I thank Misha Verbitsky
for pointing out this statement and the fact that the statement holds also when F is ω-slope-
polystable. Assume that F = ⊕Ni=1Fi, where Fi is ω-slope-stable. Set r := rank(F ) and
ri := rank(Fi). Then
κ2(F ) = ch2(F )− r
2
(c1(F )/r)
2 =
N∑
i=1
[ch2(Fi)− ri
2
(c1(Fi)/ri)
2] =
N∑
i=1
κ2(Fi).
We get∫
X
κ2(F )ω
2n−2 =
N∑
i=1
∫
X
κ2(Fi)ω
2n−2 ≥
N∑
i=1
∣∣∣∣
∫
X
κ2(Fi)ω
2n−2
t
∣∣∣∣ ≥
∣∣∣∣
∫
X
κ2(F )ω
2n−2
t
∣∣∣∣ ,
where the first inequality is by [Ve3, Cor. 3.24], and the second by the triangle inequality.
Clearly, equality holds above, if and only if it holds for each Fi.
If κ2(F ) is of Hodge type (2, 2) with respect to It, for all t ∈ P1ω, then equality holds in
(6.3), by [Ve3, Claim 3.21] and Remark 6.2 above. 
The following generalization of Theorem 6.4 was explained to me by Misha Verbitsky.
Corollary 6.12. (1) Let E be an ω-slope-stable (possibly twisted) reflexive sheaf. Assume
that κ2(E) remains of Hodge type (2, 2) along the chosen twistor line and the first Chern
class of every direct summand of End(E) vanishes. Then End(E) is ω-polystable-
hyperholomorphic and E is projectively ω-stable-hyperholomorphic.
(2) Let A be an ω-slope-stable reflexive sheaf of Azumaya algebras of rank r (Definition
6.5). Assume that c2(A) remains of Hodge type (2, 2) along the chosen twistor line
and the first Chern class of every direct summand of A vanishes. Then A extends to
a reflexive sheaf A of Azumaya algebras over X , and At is a ωt-slope-stable sheaf of
Azumaya algebras, for all t ∈ P1ω.
Proof. (1) The sheaf End(E) is ω-slope-polystable, by Proposition 6.6. Apply Theorem 6.11
with F := End(E) to conclude that End(E) is ω-polystable-hyperholomorphic.
(2) A is isomorphic to A∗ as a coherent sheaf, using the trace bilinear pairing, and thus
c1(A) = 0. The construction of A follows from Theorem 6.11. The structure of Azumaya
algebra extends, by Lemma 6.7 part (3). The stability of At follows from Lemma 6.10. 
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Remark 6.13. The extension A in Corollary 6.12 is not known to be flat over P1ω. We know
only that its singular locus is tri-analytic, so the dimension of the intersection of the singular
locus with the fibers of the twistor family is constant [Ve3, Claim 3.16].
6.3. Deformation of pairs along twistor paths. A marking of an irreducible holomorphic
symplectic manifold X is an isometry φ : H2(X,Z)→ Λ with a fixed lattice Λ. Let MΛ be the
moduli space of isomorphism classes of marked irreducible holomorphic symplectic manifolds
[Hu1]. A twistor path in MΛ is a sequence of twistor lines, in which each consecutive pair
has non-trivial intersection in MΛ, together with a choice of an intersection point for each
consecutive pair. If the chosen intersection point, of each consecutive pair, corresponds to a
manifold with trivial Picard group, we call the twistor path generic.
Theorem 6.14. [Ve2, Theorems 3.2 and 5.2.e] Let (Xi, φi), i = 1, 2, be two marked irreducible
holomorphic symplectic manifolds, in the same connected component of MΛ. Then there exists
a generic twistor path in MΛ connecting (X1, φ1) with (X2, φ2).
We will need the following evident lemma.
Lemma 6.15. Let X be a compact Ka¨hler manifold with a trivial Picard group Pic(X) =
{OX}, ω and ω′ two Ka¨hler classes on X, and E a torsion free, possibly twisted, coherent
OX -module of rank r. Then E is ω-slope-stable, if and only if E does not admit any subsheaf
of rank r′, for 0 < r′ < r. In particular, E is ω-slope-stable, if and only if E is ω′-slope-stable.
A parametrized twistor path γ : C →MΛ consists of a connected reduced nodal curve C, of
arithmetic genus 0, with an ordering of the irreducible components, so that two consecutive
components meet at a node, and a morphism γ from C to MΛ, mapping the i-th component
of C isomorphically onto a twistor line. If γ maps each node to a point with a trivial Picard
group, we call γ a generic parametrized twistor path. Let γ : C → MΛ be a parametrized
twistor path, X → C the natural twistor deformation, 0 ∈ C a point of the first component
of C, and X0 the fiber of X over 0. Let E be a reflexive twisted sheaf on X0.
Definition 6.16. (1) Let E be a reflexive sheaf over X , whose singular locus is equidi-
mensional over C of codimension ≥ 3. The reflexive restriction of E to the fiber Xt
of X over t ∈ C is the convex hull of the quotient of the restriction of E to Xt by its
torsion subsheaf.
(2) We say that E can be deformed along γ, if there exists a reflexive twisted coherent sheaf
E over X , such that the singular locus of E is equidimensional6 over C of codimension
≥ 3, which reflexive restriction to X0 represents the equivalence class of E (Definition
2.2). Equivalently, there exists a reflexive sheaf of Azumaya OX -algebras, with such a
singular locus, which reflexive restriction to X0 is isomorphic to End(E).
Let X be an irreducible holomorphic symplectic manifold and γ : C → MΛ a generic
parametrized twistor path, with X0 = X. Let ω0 be a Ka¨hler class on X0, such that P
1
ω0 is
the first twistor line. Let ωt−i
, 1 ≤ i ≤ N , be a Ka¨hler class on the i-th node Xti , such that
P1ω
t
−
i
is the i-th twistor line, and ωt+i
, 1 ≤ i ≤ N − 1, a Ka¨hler class on Xti , such that P1ω
t
+
i
is the i + 1 twistor line. Note that ω0 determines ωt−1
, and ωt+i
determines ωt−i+1
. At a node
ti ∈ C, the group Pic(Xti) is trivial. Slope-stability is then independent of the Ka¨hler class,
by Lemma 6.15. We will abuse notation and say that a sheaf on Xti is ωti-slope-stable, if it is
slope-stable with respect to some, hence any Ka¨hler class.
6We do not require E to be flat over C.
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Proposition 6.17. (1) Let F be an ω0-slope-stable (possibly twisted) reflexive sheaf. As-
sume that κ2(F ) remains of Hodge type (2, 2) along γ and the first Chern class of
every direct summand of End(F ) vanishes. Then F deforms along γ, in the sense of
definition 6.16.
(2) Let A be an ω0-slope-stable reflexive sheaf of Azumaya algebras of rank r (Definition
6.5). Assume that c2(A) remains of Hodge type (2, 2) along γ and the first Chern class
of every direct summand of A vanishes. Then A deforms along γ, as a reflexive sheaf
of Azumaya algebras, in the sense of definition 6.16.
Proof. (2) The following argument is similar to the proof of [Ve3, Theorem 10.8]. The proof
is by induction on the number N of twistor lines in C. A deforms along the first twistor line,
by Corollary 6.12 and Remark 6.13.
Assume that A deforms, as an ωt-slope-stable sheaf of Azumaya algebras, along the first i
twistor lines, and i < N . Then Ati is slope-polystable with respect to ωt−i
and hence also with
respect to ωt+i
, by Lemma 6.15. Hence, Ati is ωt+i
polystable-hyperholomorphic, by Theorem
6.11 and Lemma 3.2. The structure of an Azumaya algebra deforms along the i + 1 twistor
line, by Lemma 6.7 part 3.
The ωt-slope-stability of At is proven by induction as well. The underlying rank r
2 coherent
sheaf A is ω0-slope-polystable, by Proposition 6.6, since A ∼= End(F ) for some ω0-slope-stable
reflexive twisted sheaf F (see Section 2.3). The stability for t in the first twistor line follows
from Lemma 6.10. Stability of At1 for ωt+1
follows from that for ωt−1
and Lemma 6.15. The
proof of the induction step is similar.
Part (1) follows from part (2), since End(F ) is an ω0-slope-stable sheaf of Azumaya alge-
bras, the underlying sheaf End(F ) (forgetting the algebra structure) is ω0-slope-polystable by
Proposition 6.6, and c2(End(F )) is a scalar multiple of κ2(F ), by Lemma 2.4. 
Remark 6.18. With the exception of Theorem 6.14, Verbitsky proves the results mentioned
above for hyperka¨hler varieties, without assuming the condition h2,0 = 1 (the irreducibility
condition). In particular, all the definitions and results in this section hold for X ×X, where
X is an irreducible holomorphic symplectic manifold, provided the twistor deformations of
X ×X we consider are only fiber-square X ×P1ω X of twistor deformations of X, associated to
a Ka¨hler class ω on X. Corollary 6.12 and Proposition 6.17 will be applied in this form for X
replaced by X ×X in the proofs of Theorem 7.7.
7. Stable hyperholomorphic sheaves of rank 2n− 2 on all manifolds of
K3[n]-type
Definition 7.1. Let X be a complex manifold and E a torsion free θ-twisted coherent sheaf
on X. E is said to be very twisted, if the rank of E is equal to the order of the class of θ in
H2an(X,O∗X ).
A very-twisted reflexive sheaf does not have any non-trivial subsheaves of lower rank, by
Remark 2.3, so it is trivially slope-stable with respect to every Ka¨hler class. The following
Lemma thus applies.
Lemma 7.2. Let E be a reflexive possibly twisted sheaf over a compact Ka¨hler manifold X.
Assume that E is ω-slope-stable for all Ka¨hler classes ω in some open subset U of the Ka¨hler
cone of X. Then the first Chern class of every direct summand of End(E) vanishes.
Proof. End(E) is ω-slope-polystable with respect to every Ka¨hler class ω in U , by Proposition
6.6. Set n := dimC(X). Hence, every direct summand of End(E) has slope zero with respect
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to every Ka¨hler class in U . The image of U under the polynomial map ω 7→ ωn−1 is an open
subset of Hn−1,n−1(X,R), since its differential is invertible at every point, by Hard Lefschetz.
Hence, the first Chern class of every direct summand vanishes. 
Remark 7.3. Slope stability of a torsion free sheaf is known to be an open condition on the
Ka¨hler class in many cases. See [LT, Sec. 5.1] for locally free sheaves over compact Ka¨hler
manifolds, [HL, Sec. 4.C] for torsion free sheaves over projective surfaces, and [GRT] for more
recent results for higher dimensional projective varieties.
In Section 7.1 we construct a very twisted version of the sheaf E in Proposition 4.1. In
Section 7.2 we prove the deformability Theorem 1.4.
7.1. A very twisted Ext1π13(π∗12E , π∗23E). We construct a very twisted reflexive sheaf Ext1π13(π∗12E , π∗23E),
over the self-product of a suitable choice of a moduli space M (Theorem 7.6).
Let MH(v) be a smooth and projective moduli space of H-stable sheaves on a projective
K3 surface S. Set r := (v, v). Assume, that (v, v) ≥ 2. Let µr be the group of r-th roots of
unity. Let exp : H2(MH(v), 2π
√−1
r Z) → H2(MH(v), µr) be the homomorphism in Equation
(2.5).
Lemma 7.4. (1) There exists a unique r(v⊥) coset w¯ in v⊥ of classes w, such that w− v
belongs to rKtopS.
(2) Define a class in H2(MH(v), µr), by
(7.1) θ˜ := exp(−2π√−1w¯/r),
where we identify v⊥ with H2(MH(v),Z) via Mukai’s isometry (3.3). Then the pair
{θ˜, θ˜−1} is monodromy invariant.
Proof. 1) Uniqueness is clear. When v is the class of the ideal sheaf of a length n subscheme,
with Mukai vector (1, 0, 1− n), choose w = (1, 0, n− 1). The existence of such a class follows,
for an arbitrary primitive class v with (v, v) = 2n − 2, since any two such classes belong to
the same O(KtopS)-orbit.
2) The class θ˜ is determined by the primitive isometric lattice embedding H2(MH(v),Z) ∼=
v⊥ ⊂ KtopS and the choice of a generator v of the line orthogonal to the image ofH2(MH(v),Z).
Any monodromy operator of H2(MH(v),Z) can be extended to an isometry of KtopS, which
necessarily maps v to v or −v, by Theorem 3.9. 
Let θ˜ be the class in Equation (7.1). Denote by θ the image of θ˜ in H2(MH(v),O∗), via
the sheaf inclusion ι : µr →֒ O∗. Let β : B →MH(v)×MH(v) be the blow-up of the diagonal
and PV the projective bundle over B associated to the twisted locally free sheaf (4.3).
Lemma 7.5. (1) The class θ˜(PV ) ∈ H2(B,µr), defined in (2.3), satisfies
(7.2) θ˜(PV ) = β∗
(
(π∗1 θ˜)
−1π∗2 θ˜
)
.
(2) The order of the class θ in H2an(MH(v),O∗) is given by:
gcd{(v, x) : x ∈ KtopS and c1(x) is of type (1, 1)}.
Proof. 1) Assume first, that v is the class of the ideal sheaf of a length n subscheme. Then
V is a vector bundle, which restricts to the exceptional divisor D as a vector bundle with
trivial determinant (Proposition 4.1). Thus, c1(V ) = β
∗β∗c1(V ) = β∗c1(F), where F is the
object given in Equation (3.5). Now, c1(F) = −π∗1c1(ev) + π∗2c1(ev), by Lemma 3.5. When
E is the universal ideal sheaf over S × S[n], then c1(ev) = c1(ew), where v has Mukai vector
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(1, 0, 1−n), and that of w is (1, 0, n−1), by [Ma4, Lemma 5.9]. The coset w¯ in equation (7.1)
is w+ (2n− 2)KtopS, since w− v = (2n− 2)(0, 0, 1). The equality (7.2) follows from equation
(2.5).
The general case of equation (7.2) follows, by deformation of the classes on both sides, via
a deformation to the Hilbert scheme case, as in Lemma 5.1.
2) Set M :=MH(v). Consider the short exact sequence
(7.3) 0→ µr ι→ O∗ (•)
r
→ O∗ → 0.
The connecting homomorphism H1(M,O∗) → H2(M, µr) sends the class of a line bundle L
to exp(2π
√−1c1(L)/r). Let d be a positive integer dividing (v, v). Then ι(dθ˜) = 1, if and only
if dθ˜ = exp(−2π√−1ℓ/r), for some ℓ ∈ H1,1(M,Z). Identify H2(M,Z) with v⊥, via Mukai’s
Hodge-isometry (3.3). Set ℓ¯ := ℓ+ rv⊥. It suffices to prove that the following are equivalent.
(1) There exists ℓ ∈ v⊥, with c1(ℓ) of type (1, 1), such that ℓ¯ = dw¯ in v⊥/rv⊥, where w¯ is
the coset in Lemma 7.4.
(2) d = (v, x), for some x ∈ KtopS, with c1(x) of type (1, 1).
1⇒ 2: The (1, 1) class x := dv−ℓr is integral, by the assumption on ℓ, and satisfies (x, v) =
d(v,v)
r = d.
2⇒1: Set ℓ := dv − (v, v)x. Then (ℓ, v) = 0 and ℓ − dv = −rx belongs to rKtopS. Thus,
ℓ¯ = dw¯ in v⊥/rv⊥, by Lemma 7.4 part 1. 
Set r := 2n−2, n ≥ 2. Let S be a projective K3 surface with a cyclic Picard group generated
by an ample line bundle H with c1(H)
2 = 2r2 + r. Let v ∈ KtopS be the rank r class with
c1(v) = c1(H), and χ(v) = 2r. Its Mukai vector ch(v)
√
tdS is (r,H, r). Then (v, v) = r and
(v, x) ≡ 0, (modulo r), for every class x ∈ KtopS with c1(x) of type (1, 1). The moduli space
MH(v) is smooth and projective (see Section 3.1). Let E be the rank r (π∗1 [θ]−1π∗2 [θ])-twisted
sheaf Ext1π13(π∗12E , π∗23E), over MH(v)×MH(v). E is reflexive, by Proposition 4.1.
Theorem 7.6. The (π∗1 [θ]
−1π∗2[θ])-twisted sheaf E is ω-slope-stable (Definition 6.5) and the
untwisted sheaf End(E) is ω-polystable-hyperholomorphic (Definition 6.1), with respect to every
Ka¨hler class ω on MH(v) ×MH(v).
Proof. The class θ has order r, by Lemma 7.5. It follows that E does not have any non-zero
twisted subsheaves of rank < r (see Remark 2.3). The ω-slope-polystability of End(E) follows
from Proposition 6.6 for all Ka¨hler classes ω. Recall that c2(End(E)) is a scalar multiple of
κ2(E), by Lemma 2.4. The class κ2(E) is monodromy invariant, by Proposition 3.4. The first
Chern classes of all direct summands of End(E) vanish, by Lemma 7.2. Consequently, End(E)
is ω-polystable-hyperholomorphic, by Theorem 6.11, Lemma 3.2, and Remark 6.18. 
7.2. Proof of the deformability Theorem 1.4. Let E be the very twisted sheaf of Theorem
7.6 over MH(v)×MH(v).
Theorem 7.7. Let X be an irreducible holomorphic symplectic manifold of K3[n]-type. Then
there exists a parametrized twistor path connecting MH(v) and X, along which E can be
deformed (in the sense of Definition 6.16).
Proof. The class κ2(E) is Mon(MH(v))-invariant, by Proposition 3.4. Let ω be a Ka¨hler
class on MH(v) and set ω˜ := π∗1ω + π∗2ω, where πi is the projection from MH(v) ×MH(v)
onto the i-th factor. Then End(E) is ω˜-slope-polystable, by Proposition 6.6. The sheaf E
is projectively ω-stable-hyperholomorphic, by Corollary 6.12, Lemma 3.2, and Remark 6.18.
We may choose ω, so that the hyperplane ω⊥ intersects trivially the lattice H1,1(MH(v),Z).
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Then Pic(Xt1) is trivial, for a generic t1 ∈ P1ω, by [Hu1, paragraph 1.17 page 76]. There
exists a generic parametrized twistor path from Xt1 to X, by Theorem 6.14. We get a generic
parametrized twistor path fromMH(v) to X. We conclude that E deforms along the twistor
path γ, by Proposition 6.17. 
Proof of Theorem 1.4. It remains to prove the equality κi(F ) = ±κi(X ×X) for the sheaf F
obtained on X ×X as a deformation of the sheaf E via Theorem 7.7, for 2 ≤ i ≤ 2n− 1. The
pair {κ(E), κ(E∗)} associated to the sheaf E in Theorem 7.7 is a parallel transport of the pair
of κ-classes associated to the sheaf in Equation (1.1), by Lemma 5.1. Let Π : X ×C X → C be
the twistor family over the twistor path C and let A be the Azumaya algebra over X ×C X
extending End(E) in the proof of Theorem 7.7. The equality κi(F ) = ±κi(X ×X) would be
clear, for all i, had we known the flatness of A over C. We do know that the singular locus
Z of A is equidimensional7 over C, by Theorem 7.7 and Definition 6.16. Let Ut ⊂ Xt × Xt
be the complement of the intersection Zt of Z with the fiber over a point t in C. We have
dim(Zt) = 2n, since E is locally free away from the diagonal, by Proposition 4.1. Recall that
the Azumaya algebra At over Xt ×Xt is the unique reflexive extension of the restriction of A
to Ut, by Construction 6.9. It suffices to show that κi(At) is equal to the restriction of κi(A)
to Xt×Xt, for 2 ≤ i ≤ 2n− 1, since it would then follow that the characteristic classes κi(At)
form flat sections of the local system R2iΠ∗Q over C, for i in that range.
The restrictions of κi(A) and κi(At) to H2i(Ut,Q) are equal, since both are equal to the κi
class of the restriction of A to Ut. The restriction homomorphism Hk(Xt×Xt,Z)→ Hk(Ut,Z)
is an isomorphism, for k ≤ 4n − 2, by Lefschetz Duality Hk(Ut,Z) ∼= H8n−k(Xt ×Xt, Zt,Z)
and the vanishing of H8n−k(Zt,Z) for k < 4n. Hence, the restriction of κi(A) to Xt ×Xt is
equal to κi(At), for 2 ≤ i ≤ 2n− 1. 
8. Proof of Lemma 1.5
It suffices to prove the Lemma for every smooth and compact moduli space M :=MH(v),
for all (v, v) ≥ 2. Let
u : KtopS −→ H∗(M,Q)
u(x) := ch(ex) · exp
(−c1(ev)
(v, v)
)
,
where ex is given in (3.1), and u2i : KtopS → H2i(M,Q) the composition of u with the
projection on the degree 2i-summand. Note that u(v) = κ(ev), u0(x) = (v, x),
u2(x) = c1(ex)− (v, x)
(v, v)
c1(ev),
u2(v) = 0, and u2 restricts to v
⊥ as the standard Mukai isomorphism of Equation (3.3)
(u2)|
v⊥
: v⊥
∼=−→ H2(M,Z).
Moreover, u is O+(KtopS)v equivariant, mong(u(g
−1(x)) = u(x). Indeed,
mong(u(g
−1(x)) = mong
(
ch(eg−1(x)) exp(−c1(v)/(v, v))
) Eq. (3.10)
=
= ch(ex) exp (c1(ℓg)−mong(c1(ev))/(v, v)) Eq. (3.11)= u(x).
7In fact, A is locally free away from the image of the diagonal embedding of X in its fiber square X ×C X ,
by Proposition 4.1 and the fact that the singular locus is trianalytic.
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The Mukai pairing is a class in Sym2(KtopS)
∗. It determines an isomorphism KtopS →
KtopS
∗, being unimodular. The inverse of the latter isomorphism corresponds to a class q˜ in
Sym2KtopS. The following equality is a special case of [Ma2, Eq. (4.8)]:
(8.1) c2(TM) = (u2 ∪ u2 − 2u4 ∪ u0)(q˜),
where (u2 ∪ u2 − 2u4 ∪ u0) is the homomorphism from KtopS ⊗KtopS to H4(M,Q).
The orthogonal decomposition (KtopS)Q = Qv + (v
⊥)Q induces the decomposition q˜ =
v⊗v
(v,v) + q
−1, where we identified v⊥ with H2(M,Z), via u2. Equation (1.3) follows from (8.1)
and the following equations
(u4 ∪ u0)(q−1) = 0,(8.2)
(u2 ∪ u2)(q−1) = q−1,(8.3)
(u2 ∪ u2)(v ⊗ v) = 0,(8.4)
(u4 ∪ u0)
(
v ⊗ v
(v, v)
)
= u4(v) = κ2(X).(8.5)
Proof of Equation (8.2): u4∪u0 is O+(KtopS)v-equivariant, and thus sends the O+(KtopS)v-
invariant class q−1 in (v⊥⊗ v⊥)Q to an O+(KtopS)v-invariant class in u4(v⊥)Q. But the image
u4(v
⊥) either vanishes, or is an irreducible O(KtopS)v-module isomorphic to v⊥. Thus, any
invariant class in u4(v
⊥) vanishes.
Equations (8.3) and (8.5) are clear and Equation (8.4) follows from the vanishing of u2(v),
observed above.
It remains to calculate the dimension of span{q−1, c2(TX), κ2(X)}. Sym2H2(S[n],Q) is the
direct sum of the line spanned by q−1 and the subspace spanned by squares of isotropic vectors,
and the latter is an irreducible representation of any finite index subgroup of the orthogonal
group [LL, Prop. 2.14], hence also of Mon(S[n]). Hence, the monodromy invariant subspace
of Sym2H2(S[n],Q) is one dimensional. The homomorphism Sym2H2(S[n],Q) → H4(S[n],Q)
is known to be injective [Ve1]. When n = 2, the homomorphism is surjective, by Go¨ttsche’s
formula for the Betti numbers [Go¨]. When n = 3, the co-kernel of the homomorphism is an
irreducible 23-dimensional representation ofMon(S[3]) [Ma2]. Thus, the monodromy invariant
subspace of H4(X,Q) is one dimensional, and is spanned by each of the three classes, for X
of K3[n]-type, n ≤ 3.
Assume that n ≥ 4. Then the monodromy invariant subspace of the quotient space
H4(S[n],Q)/Sym2H2(S[n],Q) is one-dimensional and is spanned by the image of each of κ2(X)
and c2(TX) [Ma2, Lemma 4.9]. 
9. Appendix: Polystability of End(E) for a slope-stable twisted sheaf E
We prove Proposition 6.6 in this section. Given a coherent sheaf F over a complex manifold
we denote by Ffr the quotient of F by its torsion subsheaf. The following is well known (see
[Ve3, Sec. 3.5]).
Lemma 9.1. [BS] Let E and F be reflexive coherent sheaves on a compact Ka¨hler manifold
X and ω a Ka¨hler form. If E and F are ω-slope-polystable, then so is the reflexive hull of
(E ⊗ F )fr. If E and F are ω-slope-semistable, then so is (E ⊗ F )fr.
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Proof. According to Bando and Siu, a reflexive coherent sheaf is ω-slope-polystable if and
only if it admits an admissible Hermite-Einstein metric [BS, Theorem 3]. If E and F are ω-
slope-polystable, the metric induced on the reflexive hull (E ⊗F )∗∗fr from admissible Hermite-
Einstein metrics of the factors is again admissible Hermite-Einstein and so (E ⊗ F )∗∗fr is
ω-slope-polystable as well.
The sheaf (E⊗F )fr is ω-slope-polystable (or semistable), if and only if its reflexive hull is.
Now a sheaf is ω-slope-semistable if and only if it admits a filtration whose graded summands
are ω-slope-polystable of the same slope. Such filtrations on E and F induce a filtration on
(E⊗F )∗∗fr by ω-slope-polystable sheaves of the same slope, by the previous paragraph. Hence,
semistability of E and F implies that of (E ⊗ F )∗∗fr. 
Definition 9.2. Let X be a complex manifold and E a torsion free θ-twisted coherent sheaf
on X. A subsheaf A ⊂ End(E) is said to be nilpotent, if there exists a filtration
0 = V0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vk = E
of E by subsheaves Vi of strictly increasing ranks, such that the image of the natural homo-
morphism A⊗ Vi → E is contained in Vi−1, for 1 ≤ i ≤ k.
We may and will choose the Vi in the above filtration to be saturated subsheaves of E.
Remark 9.3. A subsheaf A ⊂ End(E) is said to be a subsheaf of Lie subalgebras, if the
commutators a1a2− a2a1 of local sections of A belong to A. Any subsheaf A ⊂ End(E) of Lie
subalgebras, whose local sections are nilpotent, is a nilpotent subsheaf, by Engel’s Theorem
[Hum, Corollary in Sec. I.3.3].
Lemma 9.4. Let (X,ω) be a compact Ka¨hler manifold and E a reflexive θ-twisted coherent
sheaf, for some θ ∈ H2an(X,O∗). If End(E) is not ω-slope-semistable then there exists a non-
zero nilpotent ω-slope-stable saturated subsheaf A of End(E) of positive ω-slope, which is equal
to the maximal slope among all (not necessarily nilpotent) subsheaves of End(E).
Proof. Assume that End(E) is not semistable and let A be an ω-slope-stable destabilizing
subsheaf of End(E) of maximal slope. The existence of A follows by [HL, Theorem 1.6.7].
The latter relies on the argument in the proof of [HL, Lemma 1.3.5], with Gieseker stability
replaced by slope stability, an argument which goes through for coherent sheaves on compact
Ka¨hler manifolds. We may assume that A is a saturated subsheaf, since the slope of its
saturation is greater than or equal to that of A. Then (A⊗A)fr is ω-slope-polystable of slope
2µω(A). The image of A⊗A in End(E) must be zero, since otherwise the slope of the image
is at least 2µω(A), contradicting the assumption that the slope of A is maximal. We conclude
that A is a subsheaf of nilpotent subalgebras, hence a nilpotent subsheaf, by Remark 9.3. 
Lemma 9.5. Let (X,ω) be a compact Ka¨hler manifold and E a reflexive θ-twisted coherent
sheaf, for some θ ∈ H2an(X,O∗). If End(E) is not ω-slope-polystable then there exists a non-
zero nilpotent ω-slope-stable saturated subsheaf A of End(E) of non-negative ω-slope.
Proof. We may assume that End(E) is ω-slope-semistable, as otherwise the statement follows
from Lemma 9.4. Let F ⊂ End(E) be the maximal polystable subsheaf of ω-slope zero [HL,
Lemma 1.5.5]. Then F is reflexive, and is hence locally free away from a closed analytic
subvariety Z of codimension ≥ 3 in X. Let F⊥ ⊂ End(E) be the subsheaf orthogonal to F
with respect to the trace-pairing on End(E). We may assume that End(E) is not ω-slope-
polystable. Then F⊥ does not vanish. Set A := F ∩ F⊥.
The multiplication homomorphism
m : End(E)⊗ End(E)→ End(E)
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maps F ⊗ F onto a subsheaf of slope 0, since (F ⊗ F )fr is ω-slope polystable and End(E) is
ω-slope semistable and both have slope 0. We conclude that the image is slope-polystable,
and is hence contained in F . Consequently, F is a sheaf of unital associative subalgebras of
End(E).
We show next that A is a subsheaf of associative subalgebras, and in particular of Lie
subalgebras. Let a1 and a2 be local sections of A and f a local section of F . Then tr((a1a2)f) =
tr(a1(a2f)) = 0, since a1 is a local section of F
⊥ and a2f is a local section of F , by the previous
paragraph. We conclude that a1a2 is a local section of F
⊥. Now a1a2 is a local section of F
as well, by the previous paragraph, and so of A.
Let a be a local section of A. Then an is a section of F , for all n ≥ 0. Thus, tr(ak) =
tr(ak−1a) = 0, for all k > 0. It follows that a is nilpotent. Hence, the sheaf A is a nilpotent
subsheaf of End(E), by Remark 9.3.
F⊥ is isomorphic to (End(E)/F )∗ and is thus ω-slope semistable of ω-degree 0. The ω-slope
of the subsheaf F + F⊥ of End(E) is non-positive, since End(E) is ω-slope semistable. We
have the short exact sequence
0→ A→ F ⊕ F⊥ → F + F⊥ → 0.
Thus, the ω-slope of A is non-negative (and is hence zero), provided A does not vanish. A
can not vanish, since otherwise F ⊕ F⊥ embeds as a subsheaf of End(E) contradicting the
maximality of F , since F⊥ contains some non-zero polystable subsheaf of ω-slope zero. We
have established that A is a non-zero nilpotent subsheaf of End(E) of ω-slope zero. If A is
ω-slope unstable, replace it by an ω-slope-stable subsheaf of A of maximal ω-slope. 
Lemma 9.6. Let (X,ω) be a compact Ka¨hler manifold and E an ω-slope-stable reflexive
θ-twisted coherent sheaf, for some class θ ∈ H2an(X,O∗). Then every nilpotent subsheaf of
End(E) has negative ω-slope.
Proof. Let A ⊂ End(E) be a non-zero nilpotent subsheaf of maximal ω-slope. The proof is by
contradiction. Assume that µω(A) ≥ 0. We may assume that A is a saturated subsheaf, since
otherwise the slope of its saturation is larger than or equal to the slope of A. We may assume
that A is ω-slope-stable, possibly after replacing it with a slope-stable subsheaf of maximal
ω-slope. Let F ⊂ E be the kernel of the natural homomorphism E →Hom(A,E). Each stalk
of F is the intersection of the kernels of all elements in the corresponding stalk of A. Let G
be the saturation of the image of the natural homomorphism A⊗E → E. The subsheaves F
and G are non-zero subsheaves of E of lower rank, since A is a nilpotent subsheaf.
Assume first that the sheaf End(G) is ω-slope-semistable. The sheaf Hom(A, End(G)) is
ω-slope-semistable of the same non-positive slope as A∗, by Lemma 9.1, as the sheaves A
and End(G) are untwisted and ω-slope-semistable. The sheaf Hom(G, (E/F )) has positive
ω-slope, since E is ω-slope-stable. This is seen as follows. Set r := rank(E), g := rank(G),
f := rank(F ). The equality
µω(Hom(F,G)) = µω(F ∗ ⊗G⊗ E∗ ⊗ E) = µω(Hom(E,G)) − µω(Hom(E,F ))
yields
degω(Hom(F,G)) = fg [µω(Hom(E,G)) − µω(Hom(E,F ))]
and
degω(Hom((E/F ), G)) = degω(Hom(E,G)) − degω(Hom(F,G))
= g(r − f)µω(Hom(E,G)) + fgµω(Hom(E,F )) < 0.
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The natural homomorphism η : E/F → Hom(A,G) is injective, by definition of F . Hence,
the homomorphism
η∗ : Hom(G,E/F )→Hom(G,Hom(A,G)) ∼= Hom(A, End(G))
is injective. This contradicts the semi-stability of Hom(A, End(G)).
It remains to consider the case where End(G) is not ω-slope-semistable. In this case there
exists an ω-slope-stable non-zero nilpotent subsheaf B ⊂ End(G) of positive ω-slope, by
Lemma 9.4. The composition
B ⊗A→ End(G) ⊗Hom(E,G)→Hom(E,G) ⊂ End(E)
is a non-zero homomorphism, by definition of G. Indeed, each stalk of G is the saturation of
the sum of images of all elements in the corresponding stalk of A. The sheaf (B ⊗ A)fr is
ω-slope-polystable of slope µω(B) + µω(A). Hence, the image C of the composition displayed
above is a subsheaf, whose slope is strictly larger than that of A. In particular, the slope of
C is positive and End(E) is not ω-slope-semistable. This contradicts the maximality of the
slope of A among all subsheaves (not necessarily nilpotent) of End(E), by Lemma 9.4. 
Proof of Proposition 6.6. The proposition follows immediately from Lemmas 9.5 and 9.6.

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